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Introduction 



In these lectures we study the boundary value problems associated with elliptic 
equation by using essentially L 2 estimates (or abstract analogues of such es- 
timates. We consider only linear problem, and we do not study the Schauder 
estimates. 

We give first a general theory of "weak" boundary value problems for el- 
liptic operators. (We do not study the non-continuous sesquilinear forms; of. 
Visik 1 17 1, Lions Q, Visik-Ladyzeuskaya 1 130). 

We study then the problems of regularity-firstly regularity in the interior, 
and secondly the more difficult question of regularity at the boundary. We 
use the Nirenberg method for Dirichlet and Neumann problems and for more 
general cases we use an additional idea of Aronsazajn-Smith. 

These results are applied to the study of new boundary problems: the prob- 
lems ofVisik-Soboleff. These problems are related and generalize the problems 
of the Italian School (cf. Magenes II II ). 

We conclude with the study of the Green's kernels, some indications on 
unsolved problems and short study of systems. Due to lack of time we have 
not studied the work of Schechter 1 15 1 nor the work of Morrey-Niren-berg 1 13 1 
which rots essentially on L 2 estimates. 
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Lecture 1 



1 Spaces H(A; Q) 

1.1 General notations 

We shall recall some standard definition and fix some usual notation. R n (x = 1 

(jci, . . . , x m )) will denote the n-dimensional Euclidean space, Q. an open set of 

R", 3>(Q) will be the space of all indefinitely differentiable functions (written 

sometimes C°° functions) with compact support in Q with the usual topology 

of Schwartz. 3>'(Q) will be the space of distributions over Q. L 2 (Q) will 

be the space of all square integrable functions on Q. The norm of a function 

& e L 2 (Q) will be denoted by \\&\\ . Derivatives of functions on Q. will always 

3 \p\ 

be taken in sense of distributions; more precisely D p will stand for — — 

(JJv j . . . . (JJvyi 

where p = (p\, . . . , p„) with non-negative integers and \p\ = p\ + •••+/?„ is 
the order of D p . If T e 3>'(Cl), (D P T, <p) = {-Vf p \T,D p (p). 

1.2 Spaces H(A; Q) 

A defferential operator with constant coefficients A is an expression of the for 
A = 2 a p D p where a p are all constants. The highest integer m for which 

\p\<m 

there exists an a p + for \p\ = m will be called the order of the operator A. 

Definition 1.1. Let A = {A\, . . .,A V ] be a system of differential operator with 
constants coefficients. By H(A; Q) we shall denote the space of u e L 2 {D)for 
which AiU e L 2 (Q). 
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Evidently £}(Q) c H(A; Q). On H(A; O) we define a sesquilinear form by 

y 

(m, v) H (A;n) = («, v) + ^(A,M, A,v) . (1) 
1=1 

Theorem 1.1. W/f/i ?/ie norm defined by 0, //(A; Q) is a Hilbert space. 2 

Proof. It is evident from the expression Q that (u, v) = (v, m)(m, m) > 0, and 
that (u, u) = if and only m = 0. So it remains to verify that under the topology 
defined by the norm, H(A;Q.) is complete. If \u n ) is any Cauchy sequences 
in H(A;Q), from (1) it follows that {u n } and {A,m„} are Cauchy sequences in 
L 2 (Q). Hence {u n } and {A,m„} converge to m and v,- respectively, say, in L 2 (Q). 
Since the convergence in L 2 (Q) implies the convergence in f^'(Q), \u„] and 
{A,m„} converge to u and v, in i^'(Q) respectively. Since A, are continuous 
on @'(Q,),Ai(u u ) — > A,(m) in i^'(Cl). Hence A,(m) = v,- which proves that 
«efl(A;fi). □ 

Proposition 1.1. IfW c Q. and for u e //(A;Q),m, v denotes the restriction 
of u to W, then (a)u w € H(A; W), and (b) the mapping u — > m m , is continuous 
mapping ofH(A; Q) H(A; W). 



1.3 The space H (A;Q.). 

Definition 1.2. // (A; O) will be the closure of <3 >(Q) in //(A; Q).//(A; O) wiZZ 
foe f/ze "orthogonal complement" ofHo(A; D.) in Hq(A; £1). 

The following question then naturally arises: 

Problem 1.1. When is H (A; O) = H(A; Q)? 

If A differential operator, let A* denote the differential operator defined 
by {A*T,ip) = (T,Alp}. If A = ^apD", then it is easily verified that A* = 
Z(-l)"d p D". 

y 

Proposition 1.2. H^{A; Q) is the space of solution in H(A; Q) o/(l + 2 A*A,) 3 

i=i 

T = 0. 

Proof. T e Hq(A; Q) if and only T is orthogonal to every ^ e i.e., if and 

only if □ 



y 

(T,<p) o + Y J (A i T,A i <p)=0 

;=1 
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for all (f e which is equivalent to say that 

{T + Yj A *i A i T > <P) = for a11 <P 6 ^(°)' 

or that 

(l+^A*A,)r = 0. 

Some examples. 

1) If there is no differential operators, H(A; Q.) = L 2 (Q) = H„(A; O). 

2) LetQ =]0, l[,x = x u A = — ;#(A;Q) = {u/u e L 2 and only u' e L 2 . Then 

ax 

T e £#(A; Q) if and if T - T" = 0, i.e.J = Ae x + ^e x . Hence H£(A; Q) is 
space of dimension 2. 

3) LetQ =]0,+oo[,x = xi,A = ^-.T = Ae x + ue~ x is in L 2 (Q) is A = 0. Hence 

dx 

Hg(A; £1) is of dimension 1. 

4) LetQ=]0,+oo[,x = xi,A= (A;Q) = {0}, i.e., 

dx ~ 

H (A; Q) = //(A; Q). 

In general it can be proved that if =]0, 1[A = -^,Hg(A, CI) is 2m- 
dimensional. 

1.4 

We recall some properties of Fourier transformations of distributions. Let 5? be 
the space of fastly decreasing functions in R", J7" be the dual of y consisting 
of tempered distributions. For T e .Y' we shall denote the Fourier Transform 
of T by = f . We know that L 2 (R") c ,9" and that \f\ = \T\ if T e L 2 (7?") 
(Plancherel's formula). Also &{p?T) = (2m^) p f, where £ = (£,...,£,) 
and £ p = ^ ... . Since ^ is linear, it follows that if A = 2 D p is any 

|/>|<m 

differential operator with consists coefficients 
&(AT) = A(2ni?)f where 

\p\<m 

= J]a p (2mf)r. 
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Proposition 1.3. u e H(A,R") if and only if u e L (R n ) and Aj(2ni^)u e 
L\R n ),j= l,...,N. 

This is immediate as u e L 2 o u e L 2 (R") and A 7 w e L 2 o AjClni£)u e 
L 2 (/?«). 

Proposition 1.4. H (A,R") = H(A,R n ),for any A - {A u . . . ,A V ) with constant 
coefficients. 

From PropositionO we have r e H^(A,R") if and only if T e L 2 ,AjT e 

V 

L 2 and (1 + 2 A*Aj)r = 0. By taking Fourier transforms, it follows that 

7=1 

T e H^(A,R") if and only if f e L 2 Ajf e L 2 and (1+2 |A/27rz£)| 2 )f = 0. 

But since (1 + Zj\ A j( 2 ^\ 2 ) * 0,f = a.e., and hence 7 = which 
proves the proposition. 

1.5 Extension of functions in H (A; £2) to R n . 

Theorem 1.2. There exists one and only one continuous linear mapping u — > 5 
ofH a (A; Q) mfo H(A,R") such that ifue &{Q), u = u. a.e. in O. 



For <^> e f^(Q), define (jo 



j <p(;t) if x e Q. 

\o if x ^ n. 

Then <p e @(R") and |^|#(a,«») = Mff(.4,n)' Hence ^ — > <jo is a continuous 
mapping of £F(Q) with the topology induced by H(A; Q.) into H(A,R"). This 
proves the theorem 

Definition 1.3. If u e H (A; £2), 5 is called the extension of u to R". 

Iu(x), je£) 
it is not true that 
0, x i Q. 

u e H(A,R"). What that theorem [TH says is that if u e H a (A;Q.), then ft e 

H a {A,R n ). Thus if A—, Q =]0, 1[ then for u=l, —u is not in L 2 (R). 

dx dx 
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1.6 

Let H' (A; £1) be the dual of H„(A; CI). 6 
Theorem 1.3. a) H' (A; CI) is space of distributions. 

b) IfTe H' (A; £1), then there exists a unique g e H (A; CI) such that T = 
d+ZA*Aj)g. 

c) The correspondence T — > g is a topological isomorphism ofH (A; CI) onto 
H' (A;Cl). 

Proof. Let u — > L(u) be a continuous linear form on H (A; CI). The restrictions 
of L to £>(Q.) is continuous on SHCl) with its usual topology. Hence it define 
a distribution T L so that L(<p) = (T L , ip) for all <p e @(Ci). If T L = 0, then 
(T L ,ip) = L(<p) = for all <p e 3>(Cl). Since is dense in H (A;Cl),L = 0. 
This proves H' (A;Cl) c ^(Q). Now, if L 6 #;(A;Q) by Riesz's theorem, 
there exists g L e i/„(A;Q) such that L(«) = {g L , u)(h (A;£1))- Hence for every 
ip e 3>(Cl), a 



7 

L(<p) = (T L ,<p)(g L ,ip) = (g L ,<p)o + ^(Aig,Ai) 

i=l 

= <(i + £a;a,)^>. 

Hence T = (1 + 2 A*A,)g and T — > in /^(A; Q) if and only if g -» in 
# (A;fi). 



5 
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Remark. As we shall see later on this theorem constitutes the solution of cer- 
tain (weak) Dirichlet's problem. 

Proposition 1.5. Every distribution T e H' (A;£l) can be written in the form 
T = g + Y,A*fi with f € L 2 (fi) and g e H {A; fi) and conversely any distribu- 
tion of the above form is in H' (A; fi). 

Since by theorem[0] any T e H'JA; fi) is of the form T = g + £ A*A,g, 7 
putting Aig = f we obtain the first part. Conversely if s = g + £ A*, fi, we have 
for any ip in ^ v (fi), 

V 

i=l 

Hence <p — > (s, tp) is a continuous semi-linear functional on i^(fi) with the 
topology induced by H a (A, fi), for, if ip — > in L 2 and A up — > in L 2 , then 
(S,g>)-> 0. Hence S e ff^(A; fi). 

Notice that the above representation S = g + 2 A*f is nof unique. 

Corollary. A* is a continuous mapping of L 2 into H' (A; fi). 

1.7 Regularization 

When fi = 7?", we write simply H(A), 9 instead of H{A\ fi)^(fi), etc. 
Let pk be a sequence in 2> such that 

1) Pk > 0, 

2) / Pk(x)dx = 1 

3) Support of pk c fi r( , — > 0, B r( is the ball of radius r^. 

Such a sequence exists; for let p e ^ be such that p > 0, J pdx — 1 and 
the support of p is contained in the ball \x\ < 1. We obtain such a function by 

. , . \ae~~^ \x\ < 1 . , . , , , . . , , 

considering < with suitable a to make the integral equal to 1 . 

(0 |x| > 1 

Let p' k - p(kx).pk have their support in the balls |jt| < -. Let j p' k dx = a^. 

k a- 

Then pk(x) - ak-p'(kx) is a sequence of the required type. 

Such a sequence is called a regularization sequence. 8 

Theorem 1.4. Ijlfue H(A), then u*ip e H(A),for <p s 9, where * denotes 
the convolution product. 



7 



2) u*pk — > // in H(A), where p& is a regularization sequence. 

Proof. 1) Since u e L 2 and A,k e L 2 for ^ € 3>,u*<p e L 2 and A,{u * <p) = 
u * Ajtp G L 2 . Hence u * <pH(A). 

2) m *p,t — > m and A,(m * p^) = A,(m) * — > A,m in L 2 . Hence u* pk tends to m 
in //(A). 

□ 

1.8 Problem of local type. 

In general if uH(A;Q) and ip e it is not true that <pu is in H(A; O). 

The problem of determining sufficient conditions in order that ipu should be in 
H(A; £2) is the problem of local type. 

1.9 Some generalizations. 

Beside considering operators A, with constant coefficients, we could consider 
the case of operators with variable coefficients A = 2 a p (x).D p , a p (x) e £(£2). 
(It is also possible, of course, to consider operator with not "smooth" coeffi- 
cients). We could define as above H(A; Q) to be the space of u € L 2 (Q) such 
that AjU e 1?{Q). Similarly as before we can prove that H(A; Q) is a Hilbert 
space. We can consider also then the problem of determining H' () (A; Q). How- 
ever, if A,- are of variable coefficients Ai{pk * u) + (A,m) * p^ so that theorem fTT^I 
is no longer true. 

We could replace L 2 (Q) by any normal space of distributions E, i.e., a 9 
space E such that £^(£2), c E c £?'(Q) the inclusion being continuous, and & 
being everywhere dense in E. H(A, E, Q) will be the space of u e E for which 
A{U € E. We topologize H(A, E, Q) in such a way that the mapping u — > A,-w 

are continuous from H(A, E, Q) to E. If, for instant, £ is a Frechet space, then 
H(A, E, O) also is a Frechet space. 
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2 Spaces H m . 

10 

2.1 

Definition 2.1. u e H m (Q.) o D'^m e L 2 (Q.)for \p\ < m[D"u = u]. Hence 

H m (Q) = H(A;Q), where A = {D p ,\p\ < m). If we write \u\ 2 = £ \D p u\ 2 and 

\ P \=k 

II 11 \\m = 2 l M lt> then the norm in H' n (Q.) is \\ u || m . 

k<m 

By theorem fTTTI and propositions ! 1 .5l and l 1 .31 we have 

Theorem 2.1. H m (D) is a Hilbert space. In order that a distribution T on 
£2 belongs to H'"'(D) it is necessary and sufficient that T — 2 D p f p for 

\p\<m 

f P e L 2 (n). 

We shall write H™(Q) = H~"'(Q). 

Proposition 2.1. u e H m (R"), if and only ifueL 2 and % p u e L 2 for \p\ < m. 

Or equivalently if and only if(l + \£\ m )u € L 2 where |£| 2 = £ 2 + H g 2 . 

Regarding the local nature of H"'(Q.), we have the 

Proposition 2.2. Let u e H m (D.) (respectively H™(Q.)) and <p e 5>(Q). Then 
(i)(pu € H m (D) (respectively H™(£i)), (ii)u — > tp.u is a continuous mapping 
from H m (Q.) to H m (Q) (respectively H™(Q) to H™(Q)). 

This theorem holds actually with ip e L°°(Q) such that D p ip e U° for \p\ < 

m. 

Let X be a closed set in R". Write H~ m = {7 e H-"'(R") such that the 
support of r c X). 
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Definition 2.2. X is said to be m-polar ifH^ n = 0, i.e., if they only distribution 11 
ofH~ m (R n ) with support in X is 0. 

We shall see later that if 2m > n, X is void. We shall admit, without proof, 

Theorem 2.2. H m {Q) = H™{Q) if and only if[D. is m- polar. 



2.2 Extension of functions in H (A; Q) to R". 



Definition 2.3. An open set Q. c R n is said satisfy m-extension property if we 
can find a continuous linear mapping n ofH m (Cl) to H m (R") such that nu = u 
a.e. in Q.. 

There are examples to show that not all £2 
posses this property. For example in the 
case m = 1 , n = 2 take the domain in the 
figure, which is an open square with the 
thickened line removed. Let u be a func- 
tion as indicated in the figure. Let ip be 
a C°° functions which vanishes outside the 
unit circle, is 1 within a smaller circle and 
< if < 1 elsewhere. Then v = tpu is zero 
on the boundary of the given square. We 
now prove that it is impossible to find to 
find V such that V = va.e. on Q. For, if 
V = v, a.e. on Q, then 



Linear 


u = 1 





u = 



dv I sometimes outside £2. 



du dV 
Now — is a measure supported by th thickened line. Hence — is not a 

ay oy 

function. 

However, in the following two theorems, it will be proved that some usual 
domains posses the m-extension property. 

Theorem 2.3. Let Q. — {x„ > 0} = R^. Then Q has m-extension property for 12 
any m. 

Let be the restrictions of functions of 3>{R n ) to Q. We require the 

following 



Lemma. H m (Cl) U 0(Q) is dense in H m (Cl). 
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Assume for the time being this lemma, we shall first complete the proof of 
the theorem f2.3l It is enough to show that n can be defined continuously on 
H m (Q) n 3>(Q). We do this explicitly as follows: For u e H m (Q) n put 



7T(u(x)) 



u(x) if x„ > 0. 

A x u(x', -x„) + ■■■ + A m u(x',-^) = v(x) 
if x n < 0. 



where x' = (xi, . . . , *„-i). 

We determine /I, in order to ensure that n(u(x)) e H m (R"). For that we need 
verify 

(v(x',0) = u(x',0), i.e.Ai + ■ ■ ■ + A m = 1. 

W-Ui ff n ~ l u , : /lm 



These equations determine A' { s and it is at once seen that D p (n{u)) = D p u 
for \p\ < m, a.e, on O and that the mapping n is continuous. 
Now we prove the lemma. 

Let u e H m {Q)\ for every e> 0, define u £ {x) = u(x',x n + €). Let v e be the 
restriction of u e to. It is easy to see that u e — > u in H m (Q) as e— > 0, and so we 13 
need prove only that v e for every fixed e > can be approximated by functions 
of H m (Q) n St(Q), i.e., we have to prove that given a function w e H' n (Q. a ), 
where cj a is the domain \x n > -a}, w can be approximated on Q. by functions 
of H m {Q) n ^(Q). Let U(jt„) be a C°° function defined as follow: 6 = for 
;t„ < -a, 1 for > 0, < 6 < 1, elsewhere. Now Ow e H m (R") and 6>w = v 
a.e. in £1 However, 2l(R n ) is dense in H"'{R"). Hence there exists a sequences 
0t e @(R") such that -> 6»w in H"'(R"). Let % be the restriction of to Q. 
Then % e H m {Q) n ^(Q) and y> t ^ ftv = w in H m {Q). 

Remark 1. If Q. has m-extension property, then the above lemma holds, i.e., 
H m (D) n @>{£l) is dense in H m (Q). For, since ^ is dense in H m (R n ), and since 
there exists a continuous mapping n of in H' n (R"), the restrictions of 

functions of ^ to £2 are dense in H m (Q). 

Remark 2. This lemma holds also, for instance, for star-shaped domains. 
2.3 

Theorem 2.4. Let £1 fee an open bounded set such that the boundary of Q, is 
an (n — 1) dimensional C" manifold TO, lying on one side ofY. Then Q, has the 
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m-extension property. 

Proof. Let Z" be the ra-dimensional Euclidean space with coordinates . . . , g„ 



W+, W-, W denote the subsets of W determined by £ > 0,g„ < 0,g„ = 0, 



On account of the hypothesis on F, there exists a finite open covering O' , Oi 14 
of Q and ra-times continuously differentiable functions iffj of W to (9, such that 
iffi maps W- onto O t riT, W + onto 0,-n [Q and VK a onto (9, nr, and further, 0, nr 
cover F and Let (a', a,-) be a C m partition of unity subordinate to this covering. If 
u e H m {Q), then m = «'m + 2 a,M and a,M have their supports in (9, respectively. 
Now ipi defines an isomorphism of H m (Oi) onto H m (W) and of i/ m (0,- n Q) 
onto H"'(W-), which we still denote by fr. Hence v,- = tfrT l (aiu) e H m (W ) and 
Vj = near the part of the boundary of W- which is not contained in = 0. 
Hence v, can be extended to (£„ < 0) by putting it equal to zero outside W-. By 
theorem l231 there exists nvj e H m (Z n ) such that 7rv,- = Vt, a.e. on Z". Let 6(x n ) 

2 1 

be a C°° function which is for £ „ > — and 1 for £, < —,0<9< 1 elsewhere. 

Let p{<;) = ftr(Vj)- Pi(£) has its support in W and is zero near the boundary of 
W. Let (fii(x) = iffi(P). Then tp(x) e H m (Oi) and is zero near the boundary of 
Oj. Hence n(u) = a' u + 2 <£;(x) answers the theorem. 




z' = 1 , . . . , n — 1 . Let 



respectively. 



□ 
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2.4 The mapping y. 

Let je m (Q) = H m Q n ^(Q). For the function / e JT m (Q), the restriction 15 
of / to the boundary r of Q. defines a function y/ on T. We wish to know 
for what for what spaces X(Y) of function on Y, this mapping y of J^ L (Q.) 
to X(Y) is continuous. If y is continuous, we can extend v to H l (£L) if, for 
example, O has 1 -extension property, and yu for m e H'iQ.) may be considered 
as generalized boundary value of u. 

Theorem 2.5. Let Q = {x n > 0} so that Y - {x n - 0). Lef X(T) = L 2 (Y) = 
L 2 (R n ~ l ). Then u — > yu is a continuous mapping ofJ^ l (Q.) — » L 2 (F), i.e., fnere 
exi's/s a unique mapping y : H l (£l) — > L 2 (T) wrtzc/t on Jf l (Q.) is restriction. 

Proof. Let x' = (jci, . . . ,x n -\). Let ^(x„) be a function defined for x„ > 
0, zero for x„ > 1, and < 0(x n ) < 1 in (0,1). We have |w(x',0)| 2 = 

- L - — (u(x)u(x)8(x„))dx. Hence □ 




n 




So by Schwartz's inequality, 




n 



12 



13 



< C || u ||? . 

This means y is continuous. 

Remark. Let A = — . Then H(A; Q.) n ^(Q) is dense in //(A; Q), and by the 

dx„ 

same method as above, u — > y« is continuous from H(A; Q) to L 2 {Y). 16 

In the text few propositions, we are going to determine the image and the 
kernel of y. 

We have seen that u e H"'(R") if and only if u e L 2 and (1 + \g\ m )u 6 
Generalizing we define H a (R n ) for non-integer a > 0. 

Definition 2.4. u e H a (R") if and only if u e L 2 and (1 + | e | a )fi e L 2 . On 
H a (R"), we put the topology defined by the norm 

{u,u) H «(R") = ((1 + \^\ a )u) L 2 m . 
Theorem 2.6. Let Q = {x„ > 0). For u e H l (D.), we have 

1) yws#J(T),and 

2) w — > yw is continuous mapping of ^(Q.) onto H?(F). 

Proof. Let£ = . . . ,f„_i)„_i and u(ij',x„) - J e~ 2mx '^'u(x', x n )dx' be tran- 
s'-' 

cated Fourier transform of Since □ 
W|£) = » = 1. ....»- 1, 

we have 

1) (i + iri) M eL 2 (r,^„). 

. du du 
Further, since - — = - — we have 

2) -6i 2 (r,4 

6x„ 

Now, as in theorem 12.51 |ti(£',0)| 2 = - f™(uuff)dx n . Hence J(l + 

r 

d 

(f ,0)| 2 df = - J(l + If I)- — (Mff)dx < oo by Schwartz's inequality and {TJ 
and (2). 
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Hence y u e H2(F). 

We now prove the second point. / e H^(T) of and only if (1 + e 17 

L 2 (Z"). We have to look for a function u e H'(Q) such that yu = f. Let 

U(?,x n ) = exp(-(+|£'|)x„)/(£') forx„ > 0, 

and u = ^(U(^',x n )). We prove that u^H 1 and yu = f. The only not corn- 
ed j 

pletely trivial point is to verify that - — £L L . 

dx n 

p- = -(1 + |£|)exp(-(l + tfMfg). 
dx„ 



Hence 



oo 

j \^\ 2 dx' n = (l + \t\ 2 \f(?)\ 2 f exp(-(l + \t\)x n )dx n 



= (1 + Ifll/tfOI 2 . 

i c du j 

Since / e H^-(T), we have J |- — \ z dx is finite. 

Theorem 2.7. y u = if and only if u e //„(Q). 

Proo/ (a) m e //„(£2) ==> m = for we have u = lim^t in //'(Q)^ e 
2>(Q).yu = limy(^) in L 2 (T) = 0. 

(b) Conversely to prove that y u = implies m e H x (£l) we require the 



Lemma. Let Q. - \x n > 0},u e H ] (Q.),(p e 3>(Q). Then <pu e H\D,), and 
y(<pu) = y(<f>)y(u). 

Proof. We know Jf^Q.) is dense in Z/ 1 (O). Hence there exists ut e Jf? l (Q), 
such that t/^ — > u in //'(Q). Now, <puk — > 0m in H 1 (Q.) and since y((pUk) = 
y(<p)y(uic), we have y(0w) = y((f>)y(u). a 

Coming back to the proof of the theorem, let a(x) be a C°° function 1 on 18 
the unit ball, outside another ball, and < a(x) < 1 else-where. Then if we 
define aj(x) = a(x/ j), we have aju — > u in H l (£l). Hence if we prove that 
cijU G Hq(CI), we shall have proved that u e H^(Q.). Since aju has compact 
support, and since y{aju) = ajyu = 0, this means, we may assume, that in 
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addition to yu = 0,u has compact support in £1 Let fi'k(x n ) be a function 
denned for x n > 0, 



for < x n < 1 /k 
linear for 1/k < x n < 2/k 

1 for x„ > 2/k. 



Then Oku e H l (R n ). By regularization, we may assume that G^u e //q(Q). 
We now prove G^u — > u in H l (Cl). We have 

(9m 5 5m 

= ^°kW) -> t- for 1 < i < n - 1. 

OX; OX; OX; 

3m 5m 

We have to prove then that 9'Ax n )u+6k- > - — ; that is to say, ffAx„)u — > 

dx n dx n 

0. Now 



for x n < I /k and x„ > 2/& 
for 1/k < x n < 2/k. 

du 



Further m(x', x„) = - C" — (x', f) dt. Hence 
JU Of 

\—(x',t)\ 2 dt 
o <9f 



2 /k [ ' \^-(x',t)\ 2 dtifx„ >2/k 
Jo <9f 



Also 



2/k.C 



2/k 



if x„ > 2/k 



(1) 



J" l^(^«)| 2 |«(^',^«)| 2 ^ n = j ' \9' k u\ 2 dx 



< 2fc J~ dx n J" |— (x', f)| <ix' 



o o 

2/k 



2/k 2/k 

hdu , I 2 f 
-2k \ hj^( x > f ) ^ f I 



o r 

(by changing the order of integration) 



19 



16 



2/k 

/du o 
\-z—\dx n . 
dx n 

o 

Hence J \(f k u\ 2 dx — > by Q, which completes the proof. 
Thus we see that H' (Q) is the space of functions which are weakly zero on 
the boundary. 

The above results can be generalized to spaces H m (Q.). Let Q = {x„ > 
0); u e H m (Q), if and only if D p (u) e ff 1 ^), for \p\ < m - 1. Hence yD p u can 
be defined as above for \p\ < m — 1. we have the 

Theorem 2.8. u e H™(£1) if and only ify(D p u) = Ofor \p\ < m - 1. 

In fact, we can say something more, 
Exercise. Let u e H'"{D) and u e D p x , with \q\ arbitrary. 

Then 

y{Dl,u)=Dl,{yu). 

2.5 

Let Q be an open set of R" such that (a)Q. has 1 -extension property, and (b) 
the boundary T of Q is an (« - 1) dimensional C 1 manifold. In the case Q. is 
bounded (b) implies (a). On F we have an intrinsic measure. We denote by 
L^ oc (T) the space of square summable functions on every compact of F with 
respect to this measure. 

Theorem 2.9. Under the above hypothesis on Q, (i.e.) 

a) Q possesses 1 extension property 

b) r is an (n - 1) dimensional C 1 manifold, 

there exists a unique continuous map y : H l (Q) — > L? (T) which on functions 
ofJff 1 ^) coincides with the restriction to T. 

Proof. Form (a) it follows that Jt?'(Q.) is dense in Jrff'(Q.) and hence the 
uniqueness will follow from the existences. Let T2 be any compact of T. We 
observe that by using a C 1 partition of unity the problem is reduced to a local 
one, that is to say, we may assume that the support of tp e Jf l (Q) is con- 
tained in an open set and that there exists a homeomorphism 1// as in theorem 
12.41 Further we may assume, without loss of generality, that F2 c 0. Let a 
be a C°° function in R" with compact support in and which is 1 on yi. Then 



17 



awi/T 1 e H(Z n ) (in the notation of theorem lZ4l . and yaui[r~ l e L 2 (W ). Since 
tfr defines an isomorphism of L 2 (F2) into L 2 (W ), if/(yaui[/~ l ) 6 L 2 {T2)- Now 
on Yi we have yu = i[i(yaiuf/~ l ) which proves that y is continuous mapping of 
,j^f l {Q) into L 2 (F2) which completes the proof. □ 

Remark. A complete generalization of theorem lTTl is due to N. Aronszajn Q. 
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3 General Elliptic Boundary Value Problems 

3.1 General theory. 

We formulate at the beginning certain problems on topological vector spaces 21 
and solve them. Later on we shall show how these answers will help us in 
solving many of the classical boundary value problems for elliptic differential 
equations. 

As a matter of notation, we shall write A c B, where A and B are two 
topological vector spaces to mean the injection i : A — > B is continuous or that 
the topology A is finer than the topology induced by B. 

Let V be a Hilbert space over complex numbers. We shall denote by \u\v 
the norm in V. Let Q be a locally convex topological vector space such that 

1) V c Q and V is dense in Q; 

2) On Q an involution (i.e., an anti-linear isomorphism of order two) / — > / is 
given which leaves V invariant; 

3) Let V be given a continuous sesquilinear form a(u, v)(i.e., a(Au, v) = Aa 
(u, v), and a(u, Av) = Aa(u, v). Let Q' be the dual space of Q. On Q' 
an involution is induced by the given one in Q by the following formula 
<f,g>=<f,g>- 

We raise now the 

Problem 3.1. Give / e Q does there exist aueV such that 

4) a (u, v) =< f,v> for all v e V. 
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3. General Elliptic Boundary Value Problems 



19 



We shall show later that large classes of elliptic problems can be put in this 



Definition 3.1. The space N_ will consists of all u e V such that the mapping 22 
v — > a(u, v) is continuous on V with the topology of Q. 

Since V is dense in Q we can extend this mapping to Q. Hence for every 
u € N we have an Au € Q' such that 

5) a(u, v) —< Au, v >. 

The mapping A : N — > Q' is linear. On N we introduce the upper bound 
topology to make the mapping N V and A : N — > Q continuous. We 
ask now the 

Problem 3.2. Is the mapping A onto Q' ? 

Lemma 3.1. Problem 1 is equivalent to problem 2. 

Proof. Let / e Q' and let u be a solution of problem 1, i.e., a(u, v) -< f, v >. 
Hence the mapping v — > a(u, v) -< f, v > is continuous on V with the topology 
of Q. Hence u e N. Further < Au, v >= a(u, v) -< f,v > for all v e V, and 
since V is dense in Q, Au = f. Conversely, let / e Q' be given and m € be 
such that Au = f. Then a(u, v) -< Au,v >=< f,v >, for all v € V, i.e., u is a 
solution of problem 1 . □ 



We now consider certain sufficient handy condition so that A should be an 
isomorphism of onto Q 

Definition 3.2. We shall say that the sesquilinear a(u, v) is elliptic on V, or is 
V -elliptic, if there exists an a > such that 



Theorem 3.1. Let V, Q, a(u, v) be as given in § 13.71 If a(u, v) is V-elliptic, then 
A is an isomorphism ofN onto Q' . 



form. 



3.2 



Re(a(w, u)) > a\u\yfor all u € V. 



Proof. Let 
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a\(u, v) 



— [a(u, v) + i a(v, u)] 



and ai(u, v) 



—i[a(u, v) — a(v, u)]. 



3. General Elliptic Boundary Value Problems 
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Then a\{u, v) and aiiu, v) are hermitian and 

a(w,v) = a\{u, v) + ia2(u,v). 
Put [u, v] = a\(u, v). 

Since |a(w, v)| < C|«Mv|y, it follows that [u, u] < C\u\y. On account of the 
V-ellipticity, [u, u] = Rea(u, u) > a\u\y. Hence the form [u, v] defines on V an 
Hilbertian structure equivalent to the one defined by (u, v)y. □ 

Now, any / e Q defines a continuous semi-linear function on V and hence 
there exists Kf such that 

<f,v>=[Kf,v], KzJ?(Q',V). 

For a fixed u e V, the mapping v — > a%{u, v) is a semi-linear continuous 
mapping on V, hence 

«2(m, v) = [Hu, v]. 

Further // is hermitian for the scalar product defined by [u, v] . For [Hu, v] = 
a2(u, v) = a-i{v, u) = [Hv, u] = [u, Hv]. 

Hence a(u, v) = [u, v] + i[Hu, v], 

and we have to solve a(u, v) -< f, v >= [Kf, v], 

i.e., (1 + iH)u = Kf. 

From Hilbert space theory, we know that if H is hermitian (1 + iH) is non- 
singular. Hence 

u = (1 + iHy l Kf, 
which proves that A is an isomorphism. 
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» <7 W 

3.3 Examples: A + A, A > 0, A = X — 7 • 



(=1 <9X; 



Let Q be an open set in R n and Z/ 1 (£2), //g(Q) be as denned before. Let V be a 24 
closed subspace of H 1 such that //JcVcfl 1 . The metric on V is one induced 
by H 1 : (u,v) v = {u,v)\. Let Q be L 2 (Q) with the involution / — > /. Then 
V c g and is dense in g. On V consider the sesquilinear form 



Then a(u, v) is continuous on V x V and 

Re(a(M,M)) = \u\l + A\u\l > min(l, A)(\u\l + \u\f) 
= a\\u\\\, a > 0. 

Hence a(u, v) is V-elliptic. Hence, for a given / e L 2 (Q) = Q' we have 
m e V such that a(w, v) =< /, v > for all v e V. We determine N and A 
explicitly in this case. 

Proposition 3.1. 

1) A = -Au + Au for u e NA > 



I (-Am, v)o = (u, v)i for all v e V. 

Proo/ We know « e iV if and only if u e V and the mapping v — > a(w, v) 
is continuous on V with the topology of Q. Further since a(u, v) is V-elliptic, 



a(u, v) = (m, v)i + (u, v), /I > 0. 




and 
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for / e L 2 there exists u e N such that a(u, v) =< Au,v >=< f,v >. Let 
v = ip 6 ^(Q). Then 

O, <p)i + A(u, (p) = (Au, ip) . 

^1 du difi\ ^d 2 u 
Now, ( ^) 1= E =<-V^ > 

yuA, uj-i/q ox. 

=< -Au,(p > . 

Hence < -Au,ip > +A < u,<p >-< Au,<p >-< f,<p > for all <p e ^(Q). 25 
This means A = -A + /I and -Aw + Au = f. Since / e L 2 and m € L 2 we have 
Am e L 2 . Further, if w e N, a(u, v) =< Am, v > and hence 

(m, v)i + v)o = (-Am, v)o + A(u, v)o 
which gives (m, v)i = (-Am, v)o. 

Conversely if u satisfies the above conditions, since -Am + Au e L 2 the 
mapping v — > «(m, v) = (m, v)i + A(u, v)o = (-Am + /Im, v)o, is continuous on V 
in the topology induced by Q. Hence u € N. □ 

Now we give a formal interpretation of u e N. The correct meaning of this 
interpretation will be brought out later on. Assuming the boundary F of Q to 
be smooth, we have, by a formal Green's formula, 

r f 9u_ 

(—Au,v)o — — I Au.vdx — I — vdcr + (u,v)\ 
Jn Jr on 

du ___ 

where — is the normal derivative. However if u e N, by proposition l3.ll we 

on 

have 

(-Am, v) = (w,v)i. 

r C?M _ 

Hence u e N implies I — vda = 0. 

J 5n 

We now take particular cases of V and interpret this formal result. 
1) Let V = H l . u e H l is not a boundary condition, neither is Am e L 2 . 

r 8U _ | 

However, I — vd = for every v e // , is a boundary condition, and 
p on 

du 

formally this means — = 0, i.e., u e N implies the normal derivative 
on 

vanishes. 
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2) Let V = Hy.u e implies u = on the boundary, and hence is a boundary 26 

7 r du _ 

condition. Am e L is not a boundary condition and I — vdcr is always zero 

J on 



r 



forv e H ( ' r 



3) Let Ti be the subset of V and define V to consist of function u e H l such 
that yu — on Fi . V is a closed subspace of ff . u e N if and only if m e V, 
that is to say, = on T\ ; this is a boundary condition, Am € L 2 which 

c du _ 

is not a boundary condition, and I —vdcr — for v € V, but since yv = 

p on 

on Ti, this means I —vdcr = for all v e V. This means again formally 

r-c 5 " 

5m 3m 

— = on r - T\ . So formally the condition is u — on Y\ and — = on 

on ' on 

r-n. 

We call 1), 2) and 3) weak homogeneous, Neumann, Dirichlet and mixed 
Dirichlet-Neumann problems respectively. 
We may state the above results in the 

Theorem 3.2. If A > 0,Q. an arbitrary open set in R", then the equation —Am + 
Au — f with f e L 2 (Q) has a unique solution with homogeneous boundary 
data. 

Remarks . Non-homogeneous problems: Corresponding to the homogeneous 
problems considered above, we may consider non-homogeneous ones in which 
not necessarily vanishing boundary values are prescribed. We shall show for- 
mally that this can be reduced to a homogeneous case together with a problem 
of first order partial differential equation. 

Problem 3.3. Given F e L 2 and G e V such that AG e L 2 determine u such 27 
that -AU + AU = F and U - G € N. 



Theorem 3.3. Problem \3. 3\ admits a unique solution for A > 0. 
Proof. Put u - U - G. Then we have to seek u such that 
-Am + Au - F - (-A + A)G = /, say . 
Since / e L 2 , there exists unique u e N by theorem l3~2l □ 

du 

In the case V is as in examples 1), 2) and 3) respectively, this means — on 

on 

dU dG 

T, G = U on F and U — G on Tj and — — = — on T - T\ respectively. The 

dn dn 



24 



above solution of problem ^ . 3l implies then that if we wish to determine U with 

dU , 

— — , U, given on the boundary, we have only to determine G e L satisfying 

on 

, dU dG 

AG e L and — — = — — and U - G on the respective parts of the boundary. 

on on 

Remark. If we take V = Hq, Q = H l so that Q' = H l we have 

Theorem 3.4. Given a distribution T e H , there exists a unique solution 
U G Hq such that -Au + Au — T. 

Remark. Roughly speaking we may say that the boundary conditions are in- 
troduced by means of the following two conditions :(d)u e V, (b)(—Au, v)o = 
(w,v)i. The two extreme cases are Hq (Dirichlet) and H l (Neumann) wherein, 
in the first case, only u e V is the boundary condition, and in the second 
one, (— Am, v)o = (u, v)i is the boundary condition. The condition u e V may 
be considered to be stable and the other one unstable. Heuristically this may 
be justified as follows: if we consider smooth functions in H'(Q) such that 
du 

— = 0, on completion this property no longer holds, so we may say this con- 
on 

dition is unstable, while in the second case, the completion of smooth functions 28 
vanishing on boundary still possesses this property in a weaker sense. 

Exercise 1. With the hypothesis as in theorem f3. II if a(u, v) is V-elliptic, the 
existence of u e V such that a(u, v) =< f,v> for all v e V and any / 6 Q' 
can be carried on the following lines: Since the mappings v — >< /, v > and 
v — > a(u, v) are continuous on V with the topology induced by Q, there exists 
Kf and Af in V such that 

a(u, v) = (Au, v)y < /, V >= (Kf, v) V - 

Hence to solve the problem we require Au = Kf. This is proved if we 
prove A is an isomorphism of V onto V. 

Exercise 2. The same results as in theorem lXTl is true on a weaker assumption 
that 

\a(u, v)| > a\u\y, a > 0. 
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3.4 

Hitherto we considered the particular case where cVcH 1 . Now we shall 29 
consider a more general case in which 3$<zV<zQ<z&',$) being dense in Q, 
but not necessarily in V. Involution in Q is as before, viz. / — > /. 

Let a(u, v) be a continuous sesquilinear form on V. In this situation the op- 
erator A and the space N associated with a(u, v) can be characterized in another 
way as follows. For a fixed u e V, the mapping tp — > a(u, tp) for tp e ^ is a con- 
tinuous semi-linear form on £^(Q) and hence defines an element srfu e £^'(Q) 
so that < s^u,tp >- a(u, tp). 

This defines a mapping .2/ : V — > £F'(Q). Let 77 be the space of u e V 
such that (a)£/u e g' and (/>) < g/u,ip >= a(u,v) for all v e V. On 77 we 
introduce the topology so as to make both the injection 77 — > V and the mapping 
g/ : 77 — > g' continuous. 

Theorem 3.5. 77 = JV an<f for u e' N,srfu = Au. 

Proof. 1) Let u e N. Then v — > v) is a continuous semilinear form on 
V with the topology induced by Q and a(u, v) =< Au, v > with Au e g'. 
This holds in particular if v = <p e ^(Q). Hence a(u,tp) =< Am,£> >=< 
g/u,<p > for all ^ e 3>(Q). This means .k/m = Aw and that jz/u e Q'. Hence 
< gtfu,v >=< Am, v >= a(u, v) for all v e V and so m e M. 

2) Conversely, let u e At. Then o(m,v) =< &/u, v > for all v e V and 
■e/i/. = f e Q'. Hence a{u,v) =< /, v > so that the mapping v — > a(u,v) 30 
is continuous on V with the topology induced by Q. Hence u e N and 

srfu = f = Au. 

□ 
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Remark. In practice it is the operator that is known a priori and A is the 
restriction of srf to N. We agree however to denote by A itself. 

Generalizations. 

Let v be an integer. If £ is a topological vector space, let E v be E x . . . x E, 
the topology on E v being the product topology. Let V, Q be such that 3>{Q) V c 
V c Q2>'{Q) V . Let a(m, v) be a continuous sesquilinear form on V. As in 
before, we can define the operator srf e Jz? (V, £^' v ). The operator srf on ^(Q) 
may be considered to be a generalisation of differential systems. 

General examples: 

a) An interesting example of the above kind would be where V is the set of 
functions continuous on a given discrete set in R". The solutions of this 
problem may be considered to be finite difference approximation to bound- 
ary value problems. 

b) Let £2 be an open set in R" and A\,...,A V be differential operators with 
constant coefficients. Let V be such that H°(A,Q.) c V c H 1 ^,^!). Let 
Q = L 2 (Q). Then @(Q) cVcQcfffi) and 0(£2) is dense in Q. Let 



a{u, v) = y I gij(x)A j(u)Ai(v)dx + I go(x)uvdx 
f^Jn Jn 

with g ,gij e L°°(£2). a(u,v) is a continuous sesquilinear form on V. The 31 
corresponding operator si = YjA^igijAj) + go. 

3.5 Green's kernel. 

We have proved that in the case a(u, v) is V-elliptic, the operator A is an iso- 
morphism of onto Q'. Let G be the inverse operator of A. G is then an 
isomorphism of Q' onto N. The restriction of G to ^(Q) is then a continu- 
ous mapping of 3){Q) into £^'(Q) and conversely the restriction of G to f^(Q) 
defines G uniquely 3 is dense in Q'. 

Now, L. Schwartz's kernel Theorem states that any continuous mapping 
of 3> into is defined by an element of @'(£l x x Q v ), the space of distributions 
on f2 A x £2, . 

Thus G defines an element G XtV e £F'(Q A x Q v ). 

Definition 3.3. G x>y defined above is called the Green 's kernel of the form 
a(u, v) on V. 
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3.6 Relations with unbounded operators. 

Let Q. be an open set in R".V, Q be two vector spaces not necessarily of dis- 
tributions, Q being a Hilbert space and V c Q. Let a(u, v) be a continuous 
sesquilinear form on V. As we have seen already in (§ 13. U . this defines a space 
N and an operator A : N — > Q by identifying Q' and g. This operator in the 
topology induced on N by Q is an unbounded operator. 

Let a*(u, v) = a(v, u). On V, a*(u, v) is a continuous sesquilinear form. Let 
the spaces N and operator A associated with a*(u, v) be denoted by N* and A*, 32 

i.e., u e N* <=> v -> A*(w, v) 

is continuous on V with the topology induced by Q and 

a*(u, v) =< A*w, v >= (A*m, v)g. 

We shall give a theorem establishing relationships between usual concepts 
associated with the unbounded operators and N, A and A*. 

Theorem 3.6. Suppose there exists A > such that 

Rea(u,v) + A\v\ 2 Q > a\u\lforall ueV. 



Then 

(1) is dense in Q. 

(2) A is closed. 

(3) A* is the adjoint of A. 



(definitions will be recalled 
in the course of proof) 



Proof. We first prove that A is closed. We have to prove that if u„ e Da (the 
domain of definition of A) and if u„ — > u in Q and Au n — > / in Q, then m e Da 
and Au-f. □ 

<z(m, v) + /1(m, v) is a continuous sesquilinear form on V and the space and 
the operator associated with it are and A + A respectively. By assumption 
this form is V-elliptic and hence by theorem lTTl A + A is an isomorphism of Af 33 
onto Q = Q. 

Now, (A + A)u„ — > / + Au in Q and hence 

u„ = (A + Ay\A + A)u n -> (A + ^'(Z + A„) m A 7 , 

Hence u n — » (A + /l) _1 (/ + /Im) in also and so u — (A + /1) _1 (/ + an d 
u e N. Further Au„ — ^ Au in Q and so Au = f. Hence A is closed. 

Now we prove that N is dense in Q. We need prove if / e Q and (u, /)g = 
for all u € N. Then / = 0. Since (A + A) is an isomorphism of N onto g> there 
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exists w e N such that (A + A)w = f. Hence ((A + A)w, u)q = for all u e N. 
But 

((A + A)w, u)q = (Aw, u)Q + A(w, u)Q = a(w, u) + A(w, u)q. 
Taking u- w in particular, we get 

= Re a(w, w) + A\w\ 2 Q > a\w\ 2 Q. 

Hence w = and so / = 0. 

Now we prove that the adjoint of A is A*. The domain of the adjoint A of 
A consists of u e Q such that the mapping v — > (Av, u)q is continuous on 
with the topology induced by Q. Since N is dense in Q, this mapping can be 
extended to a linear form on Q and hence by Riesz'z theorem we have Au e Q 
such that 

(Av,u)q = (v,Au)q for v e D A and u e D^. 

This defines A on D^. 
Since 

(Av, m)q = a(v, u) = a*(u, v) = (A*u, v)q 

= (v,A*m) g for veiV and BeJV*, (1) 

we have N* e and A - A* on N*. We need only prove now D^c. N* . 

Let u e D^, then there exists uq e N* such that (A* + A)u a = (A + /1)m, since 
A* + /I is an isomorphism of onto Q on account of V-ellipticity of a*(u, v). 
Now, for all v e N 

((A + A)v, m) g = (v, (A + A)«) fi = (v, (A * +i)w ) e 
= a(v, u ) + A(v, u ) Q (by(\)) 

= (Av, u ) + A(v, u )q since v e N and by definition of A. 

Hence for all v e N, ((A + A)v, u - u ) Q = 0. Since (A + A) is an isomorphism 
of N onto Q' , this means u - uq = 0, i.e., u e A^*, which completes the proof. 
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4 Complements on H m (Q) 
4.1 Estimates on fl^(Q). 



Theorem 4.1. Lef Q. be a bounded open set in R". Then there exists a c > 34 
smc/z f/za? |m|o < c\u\ifor all ueH^iD.). 

Proof. Since 3>{Q) is dense in H l a we need prove the inequality for u = tpe3> 
(Q). Let tp = <p on Q and outside Q in R". 
Since £2 is bounded, we have 

r d r dip 

= ^—<P(t,X2,...,x n )dt= —(t,x 2 ,...,x„)dt 
J oxi J dx\ 

— oo a 

where a and b are such that Q. is contained in the region determined by 

]a,b[xR n -\ a 

By Schwartz's inequality 

b 

Vp(x)\ 2 < (x, - a) j \^-(t,x 2 ,...,x n )\ 2 dt 

a 
b 

<{b-a) J \^-\(t,x 2 ,...,x n )\ 2 dt. 

a 

Hence (\w(x)\ 2 dx < (b-a) 2 f h \^\ 2 dx, and so |d < (b-a)\^-\ < c\w\\ 

J Ja OX\ OX\ 

as it was to be proved. 



29 



4. Complements on H m (Q) 



30 



Remarks. 

(1) From the above proof it is seen that the theorem remains true even if Q is 
bounded only in any one direction. 

(2) The theorem is not true for H l (£l). Thus, for instance, if we take u = 1, 
then ueH l (D) and \u\q = measure of and \u\\ = 0, so there does not exists c 
such that |m|o < c|m|i. 

(3) The theorem may remain true however for some spaces V such that H l c 35 
V c H l . Thus if Q is as shown in the figure and V = ueH 1 such that 

m(0, x 2 ) = 0, then \u\ Q < c\u\i. 

X2 



(4) If u € H™ (Q), then |m| < c\u\ m , \u\t < c\u\ m , for k < m - 1. 

Applications: We have already proved that for Dirichlet problems (V = 
//q(Q)) the operator - A + A associated with the form a(u, v) = (u, v)i + A(u, v) 
is an isomorphism of H\ onto H~ l for A > 0. We now prove the 

Theorem 4.2. 7ff2 ;s bounded, then -A + /I is an isomorphism ofH l a onto H~ x 
for A> -a for certain a > 0. 

Proof. We look for values of A for which a(u, v) is V-elliptic, 
i.e., Rea(M, m) = \u\\ + A\u§ > y\u\\. 

Since O is bounded |m|j > -j for some c > 0, and 

\u\\ + A\u\ 2 = \u\\ + (A - e)\u\l + e\u\l 
>{\+{A-e)c 2 )\u\\ + e\u\l 
> y||M||i for positive yifl +(A- e)c 2 > 0, 

-1+ec 2 1-c 2 

i.e., A > . Choosing e sufficiently small, we have a = — - — such 

2 c z 
that for A > -a, a{u, v) is V-elliptic and thus the theorem is proved. □ 



4. Complements on H'"(D.) 



31 



Theorem 4.3. For every e > 0, there exists c(e) such that |m|? < e|w|^ + c(e)|u|g 
for all ueH%(Q) and 0)<k<m-\. 

Proof. Let u be the function defined in R" which is equal to u on Q. an else- 36 
where. We have then \u\ m = \u\ m . Let u = J^(«) be the Fourier transform of u. 
By Plancherel's theorem 



To verify the stated inequality it is enough to prove that for e > there 
exists c(e) such that 



Since k < m - 1, for any £[ > 0, |£| - eil^l f° r large values of £ and for 
remaining necessarily bounded values of \£\ 2k - ei\%\ 2 '" is bounded by Ci(e) 



Remark. The status of this theorem is different from that of the theorem 4.1: 
for it may be sometime true for H'"(Cl) also. As we shall see later, this is 
connected with the problem of m-regularity. For example, if Q =]0, 1 [, theorem 

EOllolds for ueH m ( Q) 

4.2 Regularity of the function in H m (Q). 

Theorem 4.4. If 2m > n, H"'(Q,) c S°(£l) algebraically and topologically. 

Proof. Let ueH m (Q.). We need prove that for every <peS>(D.), v = uipeS , °(D.). 
Since v vanishes near the boundary of D., the function v is in H™(R n ). Let v be 
the Fourier transform of v, □ 

then (1 + \£\ m )veL z . Now, 37 





This will be true if 



|£T <eiir m + ci(e) for k<m-l. 



say. 



□ 



v = (1 + \$\ m )v. 



1 



1 + Itf 



\m 
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Since 2m > n, 



CO 



< oo. 



Z o 



Hence ueL . That is to say v is continuous. 
If now u — > in H'(Q) we have v — > in L 1 . 
Hence v — > in ^°(£2) and so u — > in £° 

Remark. Better results valid for more general classes of domains are due to 

Soboleff. A typical result is if n > 3, then ueH'(D) => u e L ? (Q), - = ---, 

q 2 n 

for certain Q.. (viz., Deny-Lions |7| and also Schwartz P"|). 

4.3 Reproducing kernels. 

Let v be a closed subspace of H m (Q.) such that H%(Cl) c V c H m (£l) and 
Q = L 2 (Q). Let v) be a continuous sesquilinear from on V. Assume now 
2m > n. Hence in each class of functions veV, there exists a unique continuous 
function v ( ,(say). Then, for fixed ye£2, the mapping v — > v (y) is a continuous 
semilinear form on V. Hence by Riesz's theorem, there exists k(y)eV such that 
VoCy) = (k(y), v)v- The mapping y — > fc(y) is weakly continuous mapping of Q 
into V. 

Definition 4.1. is called reproducing kernel in V (Aronszajn 

If a(u, v) is V-elliptic we have by theorem l3~T1 

Lemma 4.1. For every yeD. there exists unique g(y)eV such that a(g(y), v) = 
(k(y), v)y and the mapping y — > g(y) o/f2 — > V is weakly continuous. 

We now relate the V valued function g(y) with the Green's operator a(u, v) 38 
in V. For every veV, we have 



a(g(y), v) = v(y). 



Hence, for any ^e^(O), v) = <p(y)v(y). 

Integrating over Q, J a(<p(y)g(y), v) = (ip, v) . Hence 



n 



a 
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where f g(y)ip(y) by is a weak integral. Now since a(u, v) is V-elliptic, given 
n 

<pe@(Q), there exists ueV such that Au = <p, a(u, v) = (cp, v) a for all veV, and 
u = Gtp. Hence 

dp - u = J g(y)(p(y)dy. 
n 

Theorem 4.5. Let Q. be an open set in R" and 2m > n. Let V, Q, a(u, v) be as 
above. Then Gip — J g(y)ip(y) dy where g(y)V, and is given by a(g(y), v) = v(y). 
n 

This is a particular case of Schwartz's kernel theorem. 

The kernel G A y defined by the operator G in !3.5l is g(y)(x). 

There is yet another way of defining the V-valued function g(y). Let Q = 
L 2 (Q) n s°(fl). On Q we put the upper bound topology of L 2 and e°. Since 
2m > n any V such that H'"(£l) c V c H m {Q) is contained in e (O), and hence 
in Q. Further since f^(Q) is hence in Q. If a(u, v) is a continuous sesquilinear 
V-elliptic from on V, from theorem 13 . 1 1 it follows that there exists a space 
N c V and an operator A, such that A is an isomorphism of onto Q'. 

Now 

Q' = (L 2 (£l)Y + (s°m 
= L 2 (Q) + e'°(Q) 

where e'°(Q) is the space of measures with compact support. 

Let G be the inverse operators of A; G is an isomorphism of Q' onto N. 
Theng(y) = G(6 y ). 

Remark. G as defined here, has slightly different meaning from the one defined 
previously, but the abuse of language is justified since both of these are inverse 
of the restriction of the same operator : V — > , see § 13.41 
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5 Complete Continuity. 



5.1 



We recall the definition of a completely continuous operator. Let E and F be 
two Hilbert spaces, then a continuous linear mapping U of E into F is said to 
be completely continuous if for any sequence u„ — > weakly in E, U(u n ) — > 
strongly in F or equivalently for bounded set B in E,U (B) relatively compact. 

Theorem 5.1. Let £lbea bounded open set in R n . Then the injection H x (£l) — > 
L 2 (£2) is completely continuous. 

Proof. We have to prove that if u^ — > in H l a (Q) weakly, then Uk — > strongly 
in L 2 (Q). Let be the extension of to /?" equal to Uk on O and elsewhere. 
Then — > weakly in H l (R n ) and hence weakly in L 2 (R n ). Let be the 
Fourier transform of m^, i.e., = (uk,e 2mx ^) . Since O is bounded for 

every e 2m ^ e L 2 (Q) and hence for fixed S^(^) — > 0. Further M£ is weakly 
bounded in H](Q) and hence bounded in //„(Q). So \uk\„ < c a , \uy\\ < c\. 
Hence, by Schwartz's inequality |%(^)| < C2- □ 

To prove — » strongly in L 2 we need prove J |%(£)| 2 <i£ — > 0. Now 



Given any e> we shall prove that we can choose R so large that the second 
term is less than e /2, and then that we can choose k a such that for k = k„, the 
first term is less than e /2. This will complete the proof. Now 




lfl<* 



lfl>« 
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j \am 2 = J (i + ir)l%(£)l z -j^2« 



l?l>« lfl>« 



< yt^2 + l£l 2 )l"*(£)l 2 ^ 



1 + R 2 ~ l+R 2 ' 

C3 

We choose R so that — —? <e 12. 

1 +R 2 ' 

Next since we have proved above that |%(£)| < C2 and that for every 
— > 0, observing that C2 is integrable on \%\ < R, by Lebesgue bounded 
convergence theorem, it follows that 

J M&\ 2 d€->0 
Kl < R. 



5.2 

We have seen that if Q is bounded, the injection of Hg(Q) into L 2 (Q) is com- 
pletely continuous. It is not true that the injection of H l (Q.) into L 2 (Q) is 
always completely continuous. (For a necessary and sufficient condition, see 
Deny-Lions |7|). 

However we have the 

Theorem 5.2. IfQ. is bounded and has l-extension property, then the injection 
//'(Q) — > L 2 (Q.) is completely continuous. 

Proof. Let be a relatively compact open set containing £2. Let Uk be a se- 
quence weakly converging to in H l (Q) and nuk be extensions of Uk to R" . 
Since n is continuous from H l (Q) to H (R n ), n(uk) converge to weakly in 
H 1 (R"), and hence the restrictions of n(uk) to also converge to weakly in 
HHO). □ 

Let © be a function in £F(0) which is 1 on Q. Then &u k e H„(0). Since 42 
is bounded by theorem ^. l\ ®n(ui) — > strongly in L 2 (0), and hence — > 
strongly in L 2 (£2). 

Corollary. /s bounded and has m-extension property, then the injection of 
H"'(Q.) into L 2 (Q) is completely continuous. 



5. Complete Continuity. 



36 



5.3 Applications 

Let V be such that Z/„(Q) c V c H 1 ^) and a(u,v) = (w,v)i. The operator 
A associated with a(u, v) is -A. We wish to show how when O is bounded 
and has 1 -extension property, Fredholm theory can be applied to consider the 
solutions of (A - A)u = f for / e L 2 (Q). 

We recall the Riesz- Fredholm theorem for completely continuous operator. 

Let H be a Hilbert space and A be a Hermitian and a completely continuous 
operator of H into H. Then 

1) A - fil is an isomorphism of H onto itself except for countable values of fi, 
say n > ii\ >■■• such that fi„ — > 0. ju„ are called eigenvalues of A. 

2) The kernel of A - //„ is finite dimensional. It is called the eigenspace corre- 
sponding to /i„ and its dimension is called the multiplicity of //„. 

3) If w„, , . . . w„ m is an orthonormal base for the eigenspace then (w„) from an 
orthonormal system and any y e H can be written as y — h + E(y, w n )w n , 
where h is a solution of Ah = 0. 

Hence if we assume that Ah — implies h — 0, we have 43 

4) (w„) forms a complete orthonormal system and 



Hence (A - //)x = y has a unique solution for all fi except those which are 
eigenvalues and the solution is given by 



and if ,u = fi n x = 2 w m + h n where h„ is such that (A - fi n )h n = 0. 



We know that the problem of finding u e N such that (-A - A)u = f for 
/ e L 2 (Q.) is to find u e N such that (u, v)\ - A(u, v) = (f, v) for all v e V. 

Let [m, v] = (u, v)i + (m, v) so that we have to consider [u, v] - (A + l)(u, v) 
for all v e V. Now the semilinear mapping v — > (/, v) is continuous on V, 
hence there exists Jf e V such that [7/, v] = (/, v) . J is then a continuous 
mapping of L 2 — > V. Let 7i be the restriction 7 to V. We have to consider then 



Ay = Sju„(>, w„)w„. 




[w, v] - (i + l)[7i«, v] = [7/, v] for all v, 



where = 



1 



i.e., 



( Ji -n) u = - 



A+l 



A+V 
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Lemma. J\ is a completely continuous mapping ofV into V. 

Proof. J i is the composite of V — > L 2 —> L 2 . Since Q is bounded and has 
1 -extension property, the injection V — > L 2 is completely continuous. Hence 
J i is completely continuous. □ 

Further (J\u, v) = (u, v) . Hence J\u = implies u = 0, and trivially 7i is 44 
Hermitian. 

Applying the theorem of Riesz-Fredholm quoted above, J\ - fi is an iso- 
morphism of V onto V except for p = p\ ■ ■ ■ p\ ■ ■ ■ . Let X n = -1 H . Let w„ 

be orthonormal set of eigenvalues. We have proved then 

Theorem 5.3. 

(1) -A - A is an isomorphism ofN — > L 2 expect for A = Ai ■ ■ ■ X n ■ ■ ■ such that 
-1 < Ai < A 2 < ■■ ■ < A n < ■ ■■ ,A„ oo. 

(2) -Aw„ = Aw n and w n is a complete orthonormal system in V and complete 
orthogonal in L 2 

(3) ——^ is complete orthonormal in Z/(||w„||f = 1) and so (1 + /l„)|w„| = 
1. 

(4) w n is complete orthogonal in N. 
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6 Operators of order 2 



6.1 



Hitherto we considered the problems in which the V-elliptic from a(u, v) was 45 
given a priori and then we solved boundary value problems for the operator A 
associated with the form a(u, v). Now we with to consider the natural converse 

Problem. Given a differential operator A, determine the spaces V and V-elliptic 
forms a(u, v) on V such that 

1) (Au, <p) = a(u, tp) for all u e V and <p e @(Q.) 

2) a(u, v) is V-elliptic. 

Stated in this general from the problem has not been completely solved, 
even in the case of differential operator of order 2; however, several results, 
depending on the domain O, coefficients of A, V and a(u, v) are know and we 
give some of these. 

We shall always consider the case when V c //'(Q). We take a second 
order differential operator A in the form 



A more general form would be 2 a p {x)D p which reduces to the above if 




W<2 



a p (x) are regular enough. 
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We associate with A the form 

a(u, v) = £ fgu~dx + J] J^v + J, «v 

and consider the ellipticity of this form. Another kind of sesquilinear from will 
be considered later. We observe that with the same operator several forms can 46 
be associated in the above fashion, merely by rearranging the operator. For 
instance, let 

A - -— - 82 - — 

dx\ dx\dx 2 dx\' 

We may write 

A __$_ _ _ _d_jl \_d <L(l-\JL 

dx\ dx\ dx 2 \2 +l )dx 2 dx x \2 l )dx 2 - 

The associated forms are 



a{u, v) = 
a(u, v) 




which are different. 

Let (m, v) g be the leading part of a(u, v), 




To determine when a(u, v) is elliptic, we have to investigate when 
Re(M, u) g > a\u\ 2 . for all u e V and for some a > 0. 



6.2 

Theorem 6.1. Let Q. be a bounded open set in R",gij be constants and V = 
H l (£l). A necessary and sufficient condition that 

Re(u,u) g >a\u\ 2 l forallueH l (Q) (1) 

is that 

^J.gij + gij)PiPifor all complex (/?,)• (2) 
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Proof. 



(a) Necessity. Let u(x) = £ Pi%i- Because O is bounded u(x) e H l (Q). Hence 
by 



Re 



8ijPiPidx - a Yj\ pi]>2 § dx ' 

which is 0. 



v n / n 

i-e., Re gijPjPi) > « 2 IPil 2 

(b) Sufficiency. From we have 



47 



^ +s ^ (x W x) - a ^ (x}] a - e - 



Integrating over 



V f / _ .du du , 2 



i.e., 



Re(M, m)„ > q;|m 



Theorem 6.2. Lef Q = 7?", and gij be constant. Then a necessary and sufficient 
condition in order that holds is that 

Re gij^i^j^ > a ^ for real and for some a > (3) 

(We observe => 0, but converse is not true, e.g., the example quoted 
above). 

Proof. By Fourier transform 

(u, u) g = ^ gy J 2ni%iU.2m%jud% 



■ Aw 



d%. 



Hence Q is equivalent to 



Re 



> a\£\ 2 \u(£)\ 2 dt for all M e H l 



(4) 
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Let ptf) = Re(Z*y£6)-a|0 2 . 
Form @, Q is equivalent to 

J P(ZW(&\ 2 dt>0 (5) 
We have to prove l|5} holds if and only if > 0. 

Sufficiency is trivial. To see the necessity if P(%„) < 0, P(^) < in a certain 
neighbourhood and then to obtain a contradiction we need take u the Fourier 48 
transform of which has support in this neighbourhood. 

The following problem however is not answered: If x,- e H l (Q), (D.) of 
capacity > is (0 necessary in order that Q holds for u e H l (Q). 



6.3 V = Hl(Q),gij constant. 

Theorem 6.3. Let V — H^(Q) and gij be constant. A necessary and sufficient 
condition in order that 



is that 



Re(u, u) g > a\u\\ for all u e // ( '(Q) for some a > 
Re (J] gi&j) > a J] l^l 2 for all £ e Z". 



(6) 



(7) 



Proof. In order to apply theorem f6.2l we prove that (|6) implies that Q holds 
for u 6 Hq(R") = H l (R"). We require a lemma. We may assume without loss 
of generality that the origin is in O. Further, we observe LUQ = R". a 

Lemma 6.1. (|6j holds if and only ifRe(u, u) g > d\u\^for all u e H^iQ^for all 
A. 



Proof. Let u e Hq{Q). Define u^(x) = u(Ax) for x e Q. 
It is easily seen that e H\. From we get 

> a > I I- — 

" J dx ; dxi | 

n 

5«i dK(/bc) 
Since — (x) = A— 

OX; OXi 



from we get 



n 



<ix 



(8) 



Re 



v-7 f du(Ax) du(Ax) 
\ n 



'2/ 



<9m(/Ix) 



<9x; 



c/x. 
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Putting Ax = y, we get the required inequality and lemma ( 16. It is proved. 49 
Returning to the proof of theorem, let <p e 3>(R n ). There exists A such that 
K c /1Q. Then 95 e S>(fl"). and hence p e ff„(^0). This means 

Re (u, u) g > a\u\ 2 , for all <p e 3>{R n ). 
Since 3>(R") is dense in H l {R"), we have proved 

Re 0, K) g > a\u\\ for all m e H l {R n ). 
Theorem l6.2l then gives @. 

6.4 

Some problems with variable coefficients : V = H^(Q.). 

Theorem 6.4. Let Q be any open set in R n and gij be continuous. 
V 

Re(M, u) g > a\u\\ for all u e ff<5(Q), (9) 



then 



ReJ]gij(x o mj>aJ] 



for all (gi) e R". 



Proof. Given any e> 0, let B be a neighbourhood of x a such that 
\{u, u) g ( Xo ) - (u, u) g \ <e \u\\ for all u e H l (B). 

We need choose B e such that - are sufficiently small. © 

gives then 

Re(w, u) g > {a- e \u\\) for all u e H^(J3 e ). 
From theorem lo31 it follows that 

R £ J]g ij (x Mj>(a-Z)YjMl 

Since this is true for arbitrarily small e, we have 

Re J] guix^j :> (a - f) J] |£| 2 . 

Regarding the sufficiency of the above condition, we have □ 
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Theorem 6.5. Garding's inequality. If ReEgy^j > <x£|£;| 2 for some a > 50 
for all x € Cl and D. is bounded then there exists A > such that 

Re(w, u) g + A\u\l > a\u\\for all u e //„(Q). 

We do not prove this. For a proof see Yosida 112 IV . 

We have a general sufficient condition 

Theorem 6.6. IfE(gij + gjdPjPi ^ oiL\pi\ 2 ) for some a > ami picomplex a.e. 
in Q, f/zen 

Re(u, u) g > a\u\\for all u e //'(Q). 

Having seen some cases when Re(a(u, u) g ) > a\u\^ we see now some ex- 
amples when different forms a(u, v) giving rise to the same operator A are V- 
elliptic. 



1) Let a(u, v) = (u, v) g + (g u, v) with g (x) >fj>0. 
Then 

Re(a(«, u)) > a\u\\ + /}\u {) \ 2 > min{a,fi)\\u\\\. 
Hence a(u, v) is V-elliptic for any V such that H l a c V c H l . 



( du \ 

2) Let a(u,v) - (u,v) g + (g„u,v) + , vl , g,- real constants, g (x) > 

fj > 0. Let V = Let V = H^D.). We first observe that for 

i I du\ 

u e // ( )(Q)Relw, — I = 0. For, if ip e S?(Q), by integration by parts 

(IN = Nil md since 



5<p 

we have Re(<p, = for all tp e £^(Q). Since ^(Q) is dense in //„(Q)we 
ax, 

have the result for u e Hg(Q.). Hence Re(a(M, u)) = Re(w, u) g + %(g a u, u). 
Hence a(u, v) is H^(Q.) elliptic. 
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6.5 

We now consider another kind of sesquilinear forms giving rise to the same 51 

" d d d d 

operator A = £ — (gij(x)—) + gi(x) — + g,— + g (x). 
ij=i axj oxi oxj ox-. 

Let Q be an open set with the boundary T having a C'(« - 1) dimensional 

piece S. Let yM be the extension of functions in H l (Q) to 2 as defined in § 

m 

On H l (Q) consider the sesquilinear form 

a(u,v) = ( M > v )g + ^|s;Jp v j +'Y_ i {SoU,v) + J yuyudo-, 

where dcr is the intrinsic measure on E. The operator associated with it is the 
same A as before. To consider the ellipticity of this from we require some 
definitions. 

Definition 6.1. Let O be a bounded connected open set; we shall say that O 
is of Nykodym type if there exists a constants P(Q) > such that the following 
inequality holds for all u e //'(Q). 

f \u\ 2 dx l — I f udxP(0)\u\l (1) 

J mesLl I J 

n 

The inequality Q is called Poincare inequality. We admit without proof 

the 

Theorem 6.7. Every Q, with "smooth boundary" is of Nykodym type. (For 
proof see Deny 
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Another interpretation of the inequality is obtained by observing that 



f 2 1 P 

J mesO J 



is the minimum of | + c \ Q for all constants c. 
For 

|m + c|y = |m|^ + c J" u dx + c J udx + |c| 2 mesf2 
^* «t/jcj |c + udx\ + |m| 2 



mes Q 



1 



mes Q. 



udx 



Thus O means Inf |m + c\ 2 a < P(Q)\u\ 



Theorem 6.8. Let Q, be a domain ofNykodym type with the boundary Ta(n — 1 ) 
dimensional C 1 manifold. Then the form 



din. v) = (ii. v) g + J" y iiv (I < r 

r 

is V -elliptic on //'(Q). 

Proof. Since Re(a(u, u)) - Re(a(«, u)) g + f\yu\ 2 do~ > a\u\ 2 + j \yu\ 2 do~ to 

r 

prove the V-ellipticity of a(u, v) it is enough to prove that there exists a /? > 
such that 

a\u 

li + j\yu\ 2 do- <p\\u\\ 2 v 

or that 



\yu\ 2 dcr + \u\\ > P\\\u\\\. 



Let [u, v] = (u, v)i + J yuyvdcr. [u, v] is a continuous sesquilinear form on 
i/'(Q) since [u, u] — implies \u\ 2 = and J \y u\ 2 dcr = 0, we have u — c, a 
constant for \u\\ - and c — for J |y«| 2 = 0. That is to say [u, u] — implies 
m = 0. In fact, we have the □ 

Lemma, [u, v] defines a Hilbertian structure on H l (Cl). 

Assuming the lemma for a moment, we see that on account of the closed 
graph theorem, the two norms y/[u, v] and V( M > v )v are equivalent. Hence 
[m, u] > /3\\u\\ 2 which was to be proved. 
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To complete the proof we have to prove the lemma, i.e., that under the 
scalar product [ ],H 1 (L~l) is complete. 

du k 

Let u k be a Cauchy sequence for the scalar product [ ]. Then — — , / = 53 

OX; 

1 , . . . , n, and yu k are Cauchy sequences in L 2 (Q), and L 2 (Y) respectively. Hence 

— > = 1, . . . , n in L (L~l) and yMjt — > g in L (F). Since Q. is of Nykodym 

ox,- 

type from Q, we have 

f \u k — | [ u dx\ 2 \ 2 dx < P\u\] 

J mes Ll J 

n 

\ \u k - c k \ 2 < P\u k \\ where c k = — — — f u k dx. 
J mes LI J 



i.e.. 



Since u k is a Cauchy sequence in L {LI), u k - c k is a Cauchy sequence in 

L (LI). Hence u k -c k — ♦ v in L (Q) and — — = lim — — = fi. Hence u k - c k — > v 

ox, ox,- 

in H 1 (L1.) and so ^(Mjt - q) — > v in L 2 (T). Since yw^ — > g in L 2 (F), q — > c. 
However = (u k - c k ) + c k . Hence u k — > v + c in H l (Ll) under the norm [ ], 
which proves the lemma. 

6.6 Formal interpretation: 

If Q is of Nykodym type with a smooth (n - 1 ) dimensional boundary F, we 
have just proved that the form a(u, v) = (m, v) g + (yw, yv)o is elliptic on H'(Q). 

The operator A that it defines is A — - 2 tt" - \8if( x )~J~~ I an d u e N implies 

dXf\ axj) 

a(u, v) = (Am, v) c for all v e V. Now formally, 



r r du 

I A u v d x — a(u,v) + | — — vao" 



du du 

where = 2 gu cos(n, x,), (n, x,) being the angle between the outer 

di] A dxj 

du 

normal and x, . Thus u e N implies formally - — = 0. 

dr] A 



6.7 Complementary results. 

Boundary value problems of oblique type for L~l — {x„ > 0). For general theory, 54 
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see Lions @). Let F be the boundary of Q. : \x n — 0). We recall the definition 
of the spaces H a (T) for a real defined in §1251 H a (Cl) = {/ L 2 (Y)} such that 
(1 + \€\ a )f € L 2 (T), where / is the Fourier transform of /. We have proved in 
12.41 that there exists a unique mapping y : H l (Q) — > H^(Y) which on f^(Q) 
is the restriction to T and this mapping is onto. 

Theorem 6.9. The dual ofH a (Y) is H a (Y). 

Proof. Let &{H a {Y)) be the space of Fourier transforms of H a (Y). &(H a (Y)) 
consists of functions / e L 2 (Y) such that (1 + \g\ a )f e L 2 (Y). Hence its 

dual consists of functions g e L 2 (Y) such that g e L 2 (Y), i.e., 

(1 + |^r a ) g e L 2 (Q). Hence the dual of ,^(H-"(Y)) is J?(/r ff (F)) which 
proves the theorem. □ 

Let A = Yj a i o — with or; real constants. We call A a tangential operator. 

!=1 OX; 

Lemma 6.2. A is a continuous linear mapping of H?(Y) into H^(Y). 

Q 

Proof. It is enough to prove that — - is a continuous linear mapping from 



H'(Y) into H ^(Y) or that ^y^-j is continuous from ,^(H^(Y)) into 

^(/HfT)). Let / e ffi(T). Then (1 + \^)f e L 2 (F), and so = 

2n i & f e H ^ (F). Since the mapping g — > is continuous, from &(HJ (r)) 
into ^(H~2 (YJ) the proof is complete. □ 

From lemma l6~2l we see that {Ayu,yv) is defined for all u, v e H l (Q). 
Further we have the 

Lemma 6.3. Re(Ay u,y u) — Ofor all u e H 1 ^). For by Fourier transform 55 

5 r , 

Re (— - yw, yt<) = Re I 2 n i & \ y u\- d 

dxi 

Let a(u, v) = (m, v)i + A(u, v)o + {Ay M,yv) for m, v € //'(fi). From lemma 
16.21 we see that a(u, v) is a continuous sesquilinear form on //'(Q). 

Lemma 6.4. /f /I > 0, a(u, v) is i/'(Q) elliptic. For Re(a(u, u)) - \u\\ + A\u\ 2 } > 
min(/l, 1)||m||i. 

From theorem lXTl we have the 
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Theorem 6.10. The operator associated with a(u, v) is -A + A and -A + A is 
an isomorphism from N onto L 2 (Q). 

To get a formal interpretation of the problem, we have to see that u e N 
means, a e JVif and only if 

((-A + A)u, v)o = (u, v)i + (A y u, yu) + A(u, v) . 

c du _ 

By Green's formula, (-A u, v)o = (u, v)\ + L - — v. Hence u € N implies 

Ji dx n 

d u 

formally — — (x\, . . . , x„, 0) = Ay u, a condition of oblique derivative. 
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6.8 

Upto now we considered problems in which the space V was a closed subspace 56 
of H l (D). We wish to consider now some cases in which V is not closed in 

Let £2 = \x„ > 0), r be the boundary of Dandy be the mapping of H l (Q) — > 
#5(T) as defined in §E3] Let V = u e H\D) such that y u e ff 1 ^. On V 
we introduce the norm 

\u\y - + ||y wilder) (1) 

Lemma 6.5. Q defines on V a Hilbert structure. 

Remark. V is not closed in 

On V consider the sesquilinear form 

a(u, v) — (u, v)i + A(u, v)o + (yu, yv)\, A > 0. 

Lemma 6.6. a(u, v) is continuous on V and is elliptic for A > 0. Let Q = L 2 (Q). 
Then by theorem \3.1\ a(u, v) determines a space N and an operator A which is 
an isomorphism of N onto L 2 . To see what A is we observe a(u,v) = (Au,v) 
for all if — v e f^(Q). Then a(u, ip) — (-A u + Au, ip)„. Hence A — -A + A. 
Further u e N if and only if u e V, —A u e L 2 (Q) and(Au,v) — a(u,v)for 
all v e V. 

To interpret formally u e N we see that from above we have 
(-A u, v) + A(u, v)o — ( u 7 v )i + ^(m* v )o + (y u, y v) 
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for all v e V. Applying Green's formula 

/du , , v-i d 2 _ , , 

— — (x , 0) y v dx — — > — - y uv dx , where x = x\, . . ., x„_i), 
ox n dx^ 

du 

for all v e V. Hence a 6 JVif and only if - — = -A x >u(x', 0). 

OX n 

Before leaving the study of second order equations, we allude to its con- 57 
nections with the theory of semi-groups and to mixed problems. 

a) Let V be such that H^Q.) c V c H l (Q.) and Q = L 2 {Q). Let a(u,v) be 
a continuous sesquilinear form. Then by theorem f3. II a space N c V and 
an operator A e Jif(N, L 2 ) is defined. If on Af we consider the topology 
induced by L 2 (Q), A is an unbounded operator with domain N. If a(u, v) 
is elliptic, it is easily proved that there exists ^ so that (A + A)I has an 
inverse (A + Ay 1 bounded in norm by l/A when A > A is an infinitesimal 
generator of a regular semi-group. 

b) In mixed boundary value problems we have to consider the following prob- 
lem: A family of sesquilinear forms 

f . . du dv 
(a(u, v, 0) = J 2j fl, 'A*' V'fa'.'fa. 

are given where a,j(f) are continuous functions from R to L°° with the weak 
topology of dual. Let V = //'(Q) and Q = L 2 (Q) and let for every f, a(u, v) 
be V-elliptic. Then for every t, a space N{t) and an operator A(f) is defined 
such that A(f) is an isomorphism of A^(f) onto 1?{Q). If / e L 2 (£2) and 
u(t) G ./V such that A t u(t) = f, then u(f) is a continuous function from R 
into V. 



7 Operators of order 2m 
7.1 

Definition 7.1. An operator A = Yj{-^ p] D p (a pq (x)D q ),a pq e L°°(Q) is called 
uniformly elliptic in Cl if there exists an a > such that 



Re J] fl M W?^ > a 

|p[, M=m 



V 1=1 



for all x € Q.and^eR". 
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We admit without proof (for a proof, see Yosida 1 21 1). 
Theorem 7.1. Garding's inequality. 

If D. is bounded and A is uniformly elliptic, then there exists a A > such 

that 

Re fl((p, + %|g > a\\<p\\l for all <^ € 0(Q) (2) 

where a(w, v) = ^ ^ a pq {x)D q uD Pv dx (3) 

n 

7.2 Applications to the Dirichlet's problem. 

Theorem 7.2. TfQ z'i bounded and A is uniformly elliptic, then 

a) (A + A) is an isomorphism ofH'"(£T) onto H~ m (Q) for A large enough; 

b) (A + A) is an isomorphism for all A except for a countable system A\ , . . . , A n ; 
such that A„ — > 0. 

Proof. (A +A) is the operator associated with a(u, v) +A(u, v) t , which on account 
of Garding's inequality is elliptic on H'"(Q), for large A. Hence by theorem l3~Tl 
A + A is an isomorphism of H"'(Q) onto H m (D). Further since the injection 
H"\Q.) — > L 2 is completely continuous, we have the second assertion. □ 

7.3 

To consider other boundary value problems and specially the Neumann prob- 
lem it is useful to introduce the motion of m- regularity . 

Let K"'(Q.) be the space of all u e L 2 (Q) such that D^u e L 2 ( ) for 
\p\ = m. On K m (Q) we define the norm \u\ 2 Km = \u\ 2 + \u\ 2 m .K m (£i) is a Hilbert 
space. Trivially //'"(O) c K m ( ). However, the inclusion can be strict. 

Definition 7.2. Q is said to be m-regular ifH m {£l) = K"'(D.) algebraically. 

For instance, Q. = R" is m-regular for H m (R") = K' n (R") as is seen easily 
by Fourier transformation. 

Theorem 7.3. If Q, is m-regular, then there exists a constant c such that 



\u\ 2 k <c(\u\ 2 1 + \u\ 2 m )fork=l,...,m-l. 



(4) 
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Proof. The injection of H m (£l) into K"'(D.) is onto and continuous. Hence by 
the closed graph theorem, it is an isomorphism. And so \\u\\ m < c\ (|k|? + M 2 ,), 
which implies the inequalities 10}. □ 

Now the problem arises whether if (0} holds Q is m-regular or not. If @ 
holds the inclusion mapping is continuous, one to one, and its range is closed. 
We have to prove then that H m (Q) is dense in K m (Q). This is still an unsolved 
problem. 

we admit following theorems without proof. 

Theorem 7.4. Every open set with smooth boundary is m-regular. 

Theorem 7.5. If the injection H l {Q) — > L 2 (Q) is completely continuous, then 
Q is m-regular. 

Definition 7.3. Q is strongly m-regular, if (a) it is m-regular, and (b) for every 
€> 0, there exists a c(e) such that 

\u\ 2 k <e \u\ 2 m + c(e)\u\ 2 fork=l,...,m-l (5) 

for all u e H m (Q). 

Proposition 7.1. Q = R" is strongly m-regular for every m. 

Proof. By Plancherele's theorem, we have to prove that given any e> there 
exists c(e) such that 



Ml € 



J \u(t)l 2 W 2k dt< j (e |£| 2m + c(€))|M| 2 ^ 



fork = l,...,m-l,i.e., l$ 2k <e |£| 2m + c(e) fork = 1, ... ,m-l, which follows 
from elementary considerations. □ 

We do not know however if there exists m-regular domain which are not 60 
strongly m-regular. 

Theorem 7.6. If the injection H l (Q) — > L 2 (Q) is completely continuous, then 
is strongly m-regular. 



Proof. By theorem l731 we see that £2 is m-regular. We have now to prove the 
inequality (|5}- If it is not true there exists an e> and a sequence m, e H' n (Q.) 
and a sequence c, — > oo such that 

k|j| klm + c,-Mo- 

Let Vi = r . Then v ; e K m (Cl) = H m (Q). □ 

(klm + No) 5 
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Further 



|Vj|f >€ +(a- e 








and cj = c,— €— > oo. 



Hence 



|v,-| 2 >e +cj|v f g. 



(6) 



Now |v,| + |v,-| ( 2 = 1, so that v* are bounded in H m (Q) and hence |v,-|t < C. 

C— e 

From (|6} it follows that |v,| 2 < , and hence v, — > in L 2 (Q). There- 

c » 

fore there exists a sequence converging weakly to in H m Since the 

injection of H l (Q.) into L 2 (Q) is completely continuous vy, — » strongly in 
ff m ~ 1 (0), i.e., |vU -> which contradicts ©. 
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7.4 Applications 



Let a(u, v) = Yj\ P \,\ q \<m J a pq D q (u)D p v dx with a pq e L 
and 



CO 
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A(u, v) = ^ a pq D q (u) D p v dx 



\p\,\q\=m 



be the leading part of a(u, v). 

Theorem 7.8. Let (a)Q. be strongly m- regular and (b)ReA(u,u) > a\uy m for 
some a > and for all u e H m (Q). Then there exists A such that Re a(u, u) + 
A\u\l> f3\\u\\ 2 m for some j3 > 0, and for all u € H m . 

Proof. We have 



Every term of p(u, v) is majorized by c||M|| m ||«|| m _i and so Re p(u,u) < 
ci\\u\ m \\u\\ m -i. Hence 



We have then to prove that we can find A such that there exists ft satisfying 



Re a(u, v) = Re A(u, u) + Re p(u, u) 



where 




\p\<m, 



□ 



Re a(u,u) > a\u\ 2 m -c\ \\u\\ m \\u\\ m -\. 



X = a\u\ 2 m - ci\\u\\ m NL-i + A\u\l > p\\u\\l 



(1) 
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Since Q. is strongly m-regular, using definition for any e> 0, there exists 
c(e) such that ||m||,„_i <e ||w|| m + c(e)|M| . Hence ci||w|| m ||M|| m _i < c\ e ||m||^ + c(g 62 
)IMImMo- Since Q is m-regular also ||w|| m is equivalent to \u\ m + \u\ . Hence 
cilMUMIm-i < c 2 e (\u\ m + \u\l) + c'(e)(M,„M + \u\l). So X > a\u\ 2 m - 

c 2 e Qu\ 2 m + \u\ 2 a ) - c'(€)(\u\ m \u\ + \u\l + \u\ 2 a . Now 2\u\ m \u\ a < £i \u\ 2 m + —\u\ 2 B 

Si 

for any ei. Hence 



First we choose € so that a - c 2 6= f • This determines c(e) and c'(e). 
Then we choose ei so small that €i c'(e) < a/4, and then A so large that 

A-c"(e)+ — >0. 



Then X > + \u\ 2 ) and by m-regularity of Q, X > f3\\u\\ 2 n as it was 

required to be proved. 

8 Regularity in the Interior 



Having established the existence and uniqueness of weak solutions of certain 
elliptic differential equations, we turn now to consider their regularity problem, 
that is to say, to see whether in the equation Au — f sufficient regularity of / 
will imply some regularity of u. First, we shall investigate when u is regular in 
the interior of the given domain Q. and next we shall consider when u is regular 
in O in some sense. 

To formulate the problem of interior regularity, we shall require some defi- 
nitions of new spaces. 

We recall having defined in §|TTJ that H r (Q) = (H'\D.))', for positive r. 
If is an open set in Q and if u is a function in O, Uq will denote the restriction 
of // to 0. 

Definition 8.1. Let Q. be an open set in R n .J£ r - W, (Q) for any integer r, 63 
consists of functions u which for any relatively compact C £1 are such that 
Mo e H r (0), r integer > or < 0. 

Let K„ be an increasing sequence of closures of relatively compact open 
sets 0„ covering Q.. Let p„ = ||«o„llr be the norms in H r of uo, r p' n & are semi- 
norms in JC r , On Jzf we put the locally compact topology determined by the 
semi-norms p„. 




8.1 
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Definition 8.2. K r r, any integer will denote the space ofu e H r with compact 
support. 

On K r we put the natural inductive limit topology. A sequence u n converges 
in K r if all u„ have their supports in a fixed compact A and all u n — > in H' (A) 
. We see easily (71)' = K r . 

Proposition 8.1. S'(Q) = U K'\D) algebraically 

reZ 

Proof. By definition U K r (Q) c $' (Q). We have to prove only that if T e £' 
then T e K r for some r. Now by a theorem of Schwartz, T e S"(Q) implies 
T = 2 O p / p where / p are continuous and have a compact support. Hence 

f p € L 2 (Q) and by theoremQ T e H ^(Q.). This means that T e # r (Q), 
where r - -p. □ 

Proposition 8.2. Lef B = 2 & p (x) Z) p w'f/i £> p e Then B is a continuous 

linear mapping of 2!, S ', @' ', S" into itself and also a continuous linear mapping 
of^ r {Q) into Jp-vfCi) andK r (Q) into K r ^{Q). 

Remark. It is not true, however, that B is continuous from W to H r ~^. 

Proof. The first assertion is trivial and the last one follows if we prove the 64 
middle one. Let / e Jzf (Q). Since b p e § on Q, b' p s and their derivatives 
are bounded on so that it is enough to prove that iy f e H r_/J (0). We 
may assume to be an open set with smooth boundary. If p < r and r > we 
have the result from the definition. If p > r, then by integration by parts for 
geH»- r (0). 

<d" f, g ) = {-iY- r {ir f,jy- T g) 

exists and hence D m f is a continuous linear function on H M ~ r (0), i.e., iy 
f e H r -» (0). □ 

8.2 Statements of theorems 

Let 

lp],M<m 

Definition 8.3. A is uniformly elliptic in Q. if given any compact K c Q. we 
have an an > such that 

Re (V a pq (x)^ p ^)> a K \$ 2m for all x e Randall 

? = (£,...,&) S (2) 
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Remark. If A is uniformly elliptic, Garding's inequality (Theorem l7.1> is true 
on every compact K. 

Let 

B=Y j b p (x)DP,b p e <f(Q) (3) 

\P\<M 

Definition 8.4. B is elliptic in Q ifZb P (x)£ p = with { e R", implies £ = 0. 

We see at once that a uniformly elliptic operator is elliptic. The converse, 

d d 

however, is inexact. For example, in the case n — 2, B — — h i— — is elliptic, 

OX\ 0X2 

but evidently is not uniformly elliptic being not of even order. 

In this and the next lecture, we shall prove the following two theorems on 65 
the regularity in the interior. 

Theorem 8.1. Let A be a uniformly elliptic operator of order 2m in Q. If for 
some T € @'(Q.),A T € Jz? r (0) for some fixed r, then leif r+2m (Q). 

Theorem 8.2. Let B be an elliptic differential operator of order p. in £1 If for 
someT s @'{£i),BT e if' "(O) for some fixed r, then T e Jz?'' +/J (Q). 

From these theorems, the regularity in the classical sense will follows by 

the 

Corollary . Let B be an elliptic operator of order p. If for some T 6 , 
BT' e S, then Teg. 

For B T e § means B T e _Sf r for all p. Hence by the theorems 
T e S£' +/J for every r. Hence all the derivatives of T will be functions which 
means T e §. 

Before proving these theorems, we shall establish some connections be- 
tween elliptic and uniformly elliptic operators. Using these, we shall prove 
that theorem [8.11 implies theorem [8.2l and then we shall occupy ourselves in 
the proof of theorem lBTI 

Proposition 8.3. Let n > 3. If B is elliptic, then B is of even order ( See 
Schechter XHt ). 

Let x e Q. and 2 b p (x)% p = Q(^), That B is elliptic at x means that 

\p\=n 

only real zero of Q(%) is £ = 0. We prove Q(^) must be of even degree. By a 
non-singular linear transformation, if necessary, we may assume has degree 
p. 

Let f = (fi, . . .,i; n -i) * be a point in R"~ l c c € n . Let Q({j„) be the 66 
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polynomial in obtained by substituting (£1, . . . , % n -\) by Then Q(^„) has 
re complex roots all of which have imaginary part t 0, for otherwise 
would be a real non-trivial zero of Q{£;). Let n + and 7r_ be number of roots 
of Q(^„), with positive and negative imaginary parts respectively. On account 
of homogeneity of Q{^) if we put = —{* , the number of positive roots of 
Q(^",^„) will be 7T_ and negative roots will be n + . Let be joined by 

an are not passing through the origin which is possible because re — 1 > 2. 
From a classical theorem the roots of Q(tj n ) can be continued from to 
continuously. Now at no point on the are can f„ be real on account of 

ellipticity. So the positive roots at are continued into positive roots at 
Hence 7r + = 7r_ and = n + + 7r_ = 27r + is even. 

Proposition 8.4. Let B be an elliptic differential operator with real coefficients. 
Then B is uniformly elliptic in £1. 

Proof. Let £ b p (x)% p = P(x,g). Since B is elliptic, P(x,& = implies 

\P\=M 

g — 0. Hence on |^| = 1 , P(x, £) for fixed x keeps same sign which we may 
P(x,£) 

assume > 0. Hence ^ — > or for fixed x. If now is any compact, P(x, 

P(x, f ) 

is continuous on the compact K x |£| = 1 and hence ^ — > a for all x e 

and all £ + 0. If we put — £ for £ we get the inequality multiplied by (-iy 
hence p. is even. □ 



Proposition 8.5. Theorem \8A\ => Theorem Wl 



Proof. Let B = £ b p (x)D''. Put B = 2 b p (x)D p . Let 

M<Ai |p|<ju 

A - BB - Yj M>0 O p D 9 + • • ■ 



A is of even order and if P(x,%) is its associated form, then P(x,^) = 
\Lb p (x)^ p \ 2 . Further since B is elliptic, A also is. By proposition 18.41 A 
is then uniformly elliptic. Let now T e such that BT e Jz? r . Hence 
AT - BBT e Jg"^. If theoremlOlis true, then T e JS?™* proving theorem 
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8.3 

We now proceed to prove the theorem I8TI First we prove a lemma of funda- 68 
mental character which will help to establish an inductive procedure to prove 
the theorem. 

Lemma 8.1. Let Abe a uniformly elliptic differential operator of order 2m. Let 
u € Jf m (Q) and let Au e ^f- ffl+1 (usually Au e Jz?" m only). Then u e _gf m+1 . 

Proof. We prove the lemma in two steps. In the first one it will be shown that 
it is enough to prove the lemma assuming A and Au to have compact support, 
for which the assertion will be proved in the second step. □ 

Step 1. The lemma is equivalent to "if u e K m and Au e K~ m , then u e 

The direct part is evident. To prove the converse, let u e _£f m be such that 
Au € «£?- ffl+1 . For any <p e 0(fi),v = <p u e if"'. NowAk=%i() = 
Au+ 2 D p D q u. 

\p\ < 2m, \q\ < 2m- 1 

Since for \q\ < 2m - \,D q u e if-" ,+1 and by assumption, Au e Jf~ m+l , it 
follows that Av € _S? ~ m+ . Since ip has compact support, v and Av are in 
K~ m+1 . Hence v € /T m+1 . Since this is true for every p € S>(Q), v € «5f-"' +1 . 
Now we prove the 

Step 2. Ifu e ^ m one/ Au e ^ m+1 , f/zen h e K m+l . 
du 

We have to prove that — — e H m (Q). A general method to prove this, here 

ox-, 

and in later occasions, will be to estimate the difference quotients of u. Let 69 
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h = (h, 0, . . . , 0) and u h (x) = \- u(x + h) - u(x) which exists if h is small 

h 

enough. Now we establish the following: 

a) A(u h ) - (Au) h = XX-l) P D P (a h pq D q u(x + h)). 

b) A(u h ) is bounded in /T m . 

c) u h is bounded in H m . 

Assuming for a moment that a), b), c) are proved, we complete the proof 
of the lemma. Since u h is bounded in H m , it is a weakly compact and hence 
there exists /i, — » such that u hi — > g weakly in H m (Q). On the other hand, 
u h, _> ^_- m g,> Hence ^ii _ „ e H ffl , i.e., m e H m+1 . Since u has 

O X, O Xi 

compact support, u e K m+l . 
Now the prove a), fo), c). 

a) We verify easily that (af) h - af h = a h f(x + h). Applying this term by term 
in (Au) h - A(u h ) we obtain (a). 

b) On account of (a), to prove that A(u h ) is bounded in K~ m it is enough to 
prove that (Au) h and each of D p {a h pq D q u{x + h)) are bounded in H~ m . Since 

Au = g e K~ m+ \ ^- e R- m and since (Au) h -> ^-,(Au) h is a con- 
ox\ ox\ 

vergent sequence in K~ m and so is bounded, Further, since a h pq e C°° as 
d 

h — > 0, — > - — a pq (x) e C°° uniformly on every compact set. Also 
D q u(x + h) — > D q u(x) in L 2 . Hence a h D q u{x + /z) converge in L 2 . Since D p 



pq 

are derivatives of order than or equal to m, D'\a h pq D q u{x + h)) converge in 



H~ m , and hence in R-" 1 . This proves (b). 
c) Since by (b), A(u h ) is bounded, we have 

{Au h ,u- h )<\\A{u h )\\ H -,\\u h \\ m 
<ci\\u h \\ m 

On account of Garding's inequality, we have 70 

Re a(u\u h ) + A\u h \l>a\\u h \\ 2 m 

on every compact set. As h — > 0, we may assume that all u h have their support 
in a fixed compact set. Hence 

a\\u h \t< A\u h \l + ci\\u h \\ m . 
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Since u e K m , u h — > -— in L 2 and so |m' ! | is bounded. Further we have 

OXi 

c 2 a 
ci\\u h \\ m <j- + -\\u h \\ 2 m - 

Hence — \\u ||^ < C3 which proves u h m is bounded, and this completes the 
proof of lemma lFTI 

Lemma 8.2. Let u e if", and Au e Jf-^+J. Then u e if'»+; +1 for every 
non-negative integer j. 

Proof. Lemma lFTI proves the lemma for the case j = 0; assuming it proved for 
integers upto j = 1 , we prove it for Since if ci^'" + >,A« e if-'»+J +I 

implies that Au e ^f^ m+ j and hence by induction hypothesis that u e Jzf m+J . 
Now D Au- A Du = A'u where A' is a differential operator of order 2m. Since 
Au e Sf~ m+j+1 ,D Au e if-" ,+ ; and since u e if" ,+ ^', Au e if m+ A Hence 
A(Du) € &~ m+ i. But Du e if m as u e £" n+i ,j > 1. Hence by lemmalO 
Du e if'"^', i.e., ue £" n+ j +l . ' a 

Lemma llOl can be put in a slightly better form of 

Lemma 8.2'. Let u e if m andAu e if, f/zen u e if +2ffl . 

For, if r < -to, the lemma is trivial and if r > -to we have r = —m + j and 
lemma 8.2' follows at once from lemma l8~2l 

Now we complete the proof of theorem l8~T1 We have to prove that if T e @' 71 
and A T e if, then T e if +2m . Let (9, <9i be two relatively compact 
open sets such that O C 0\ c O. On account of a theorem of Schwartz, 
?o = T*D p fp where f p are continuous in with support contained in 0\. By 
theorem l2~Tl To e H~P(0). Now a'" +/3 where A is the Laplacian is on account 
of theorem ri.3l is an isomorphism of H" l+I3 {0) onto H„'" +l3 . Hence there exists 
u e H'" +/3 (0) such that A m+ P u = T . Applying lemma 8.2' to a" 1 ^, we have 
u e i* 2m+ ^(0) as the order of A is 2(m + B), T e if^, and u e if m+ ^(0). 
Now (A To) = (A A'"^ m) e if (0). The order of B = A A'"^ is 4m + 2/3 and 
B is uniformly elliptic. As u e Z 2m+/3 and Bu e if, applying lemma l8~2l we 
have u e Jgf r +4m+213 . Hence T = A" ,+/s u e if r+2m . 

8.4 Some remarks. 

We remark that theorem l8~2l implies theorem lFTI trivially though in the course 
of the proof, we proved theorem IFTI before proving theorem l8~2l This raises 



62 



a vague question what properties which are true for uniformly elliptic differ- 
ential equations can be upheld for the elliptic ones. For instance, we know for 
Dirichlet's problem for bounded domains with smooth boundary Fredholm's 
alternative holds if the operator is uniformly elliptic. In the case n — 2, we 
have the following counter example of Bicadze 1 4 1 . 

Consider the Dirichlet problem in the unit circle for the operator A = 



— — h i— — . A is elliptic but is not uniformly elliptic, for the associ- 

4\dx dy) 



ated form has £ 2 - rj 1 , as its real part. We prove that the space of u such that 

Au — 0, u — on the boundary is not finite dimensional and hence that Fred- 72 

d 2 u d d d 

holm alternative does not hold. Au — means — - = 0, where — = - — h/— 



and hence -— is holomorphic in the unit circle. Hence u — f + zg where f and 

oz 

g are holomorphic in the unit circle. But u — on the boundary zz = 1 . Hence 
- z u - z f + g on the boundary, and hence g = —zf everywhere as / and 
g are holomorphic in the unit circle. Thus u = (1 — zz)f(z) is a solution of the 
above problem for any holomorphic f(z) which shows that the space of u such 
that Au = 0, u = 0, on the boundary, is not finite dimensional. 

For complementary results, see Schechter 1151 and a forthcoming paper by 
Agmon, Douglis, Nirenberg. 




dz 2 



dz d x dy 



d u 
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9 Regularity at the boundary. 

In the last lecture we dealt with the regularity in the interior or local regularity 73 
of the solutions of the elliptic differential equations. Now we wish to consider 
the regularity of the solutions in O. In a sense such solutions can be extended to 
the boundary. These should not be confused with problems in which boundary 
values to be attained are given. These will be considered in a general set up 
under the name of Visik-Sobolev problems. 



Theorem 9.1. Let Q.be a bounded open set in R" with a boundary which is an 
n - 1 dimensional C°° manifold. Let 



with a pq € S (Q) be given such that Re (a(u,u))> a \\u\\^ n for some a > 
and for all u e H m {Q). Let V = H m (Ci) and Q = L 2 (Q) and let A and N be as 
determined in theorem 3. 1. If f e L 2 (Q) and u e N is such that Au - f, then 
u e // 2m (Q). 

Remark . If we do not take any condition on the boundary (eg., u e AO 
then we can assert only that u e Jz? 2m (fi) and cannot assert in general that 
u e H 2m (Cl). 

The proof of this theorem is fairly complicated and will be broken in several 
steps. 



9.1 




\p\,\q\<m 
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i — 1, . . .n — 1 such that \pi maps 0/ fl Q onto W+ 



Step 1. First we reduce the problem to one in a cube in the following way: 
Let Oi be a finite covering by relatively compact open sets of the boundary T 

|0<e,<l, 

such that there exists C°° homeomorphisms ifti of O, to W — < 74 

1-1 < e„ < n 

(O < €i < 1, . _ 

(O < e„ < 1 ' ' 

1, , . . , n — 1 and T fl Oi onto Wq — {W fl {£„ — O}}. Since the regularity is the 
interior of u e H" l (Q) has been already proved to prove that u e H 2 "'(Q.), 
it remains only to prove the restrictions of u to Oi, i.e., uo, € H 2m (Oi). The 
homeomorphisms tpi define isomorphisms of H"\Oi fl Q) onto H m (W+). Let 
ui,v\ e H'"(W + ). Define ao(u,v) — a(ip^(u{),il/' (vi)). (We drop i from 
the suffix). This definition is possible as A is an operator of local type, more 
precisely 

a()ff- 1 (u 1 )),(iff- l (v 1 )) = J a pq (x) D\if f -\u l )mFH^i)dx. 
o 

ao(u,v) is a continuous sesquilinear form on H m (W+). Now by theorem \i.l\ 
a(u, v) = (/, v) for all v € H'"(D.). Let, in particular, v vanish near the 
boundary of O — T fl O, and have its support in O. Then a(u, v) — a a (u, v) — 
(/> v )o- Hence ifv\ is in H m (W+), and vanishes, near the boundary of W+ — T, 
then 

a(iH.u),v) = mf),v) , whentftf) e L 2 {W + ). 

If we prove now that if/(u) e H 2m (W e ) for every e> 0, where W e = 

II- e< e <e 
, then by an obvious shrinking argument, we will have proved 
< e„ < 1 

the theorem. 



9.2 

Step 2. Thus our problem is reduced to the following one. Let Q = {0 < 
Xi < 1}, i = 1, . . . ,n, be n-dimensional cube in R". Let a(u, v) — 2 f a pq (x)D q u 

m 

DPudx with a pq e be an elliptic form on H'"(W). Let f € L 2 (Q) and 

u e H m (a>) be such that for every v e H m (Q) which is zero near d Q — Yi> we 75 

have 

a{u,v) = {f,v) . (1) 
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Then we have to prove that u e H (Q e ) for every e> 0, where 
Q. e = 



e < Xi < 1- e, i - 1, ...,«- 1 

< x„ < 1 

We shall prove this in two steps. First we consider the derivatives of u 
in the direction parallel to x„ axis, which we call tangential derivatives and 
denote them by D p T (u) with p = (p\,..., p K -\, 0). By an induction argument 
and considering difference quotients as in the previous lecture, we shall prove 
that D p u e H"'(Q). In the next section we shall consider D™ u. 

\p\=m 

Proposition 9.1. Under the hypothesis of the reduced problem D P T u e 

\p\=m 

H m {Q. e ). 

Proof. If u € H m (Q) is such that v = near <9Q - then we denote by 

v h (x) - -[v(x + h) - v(x)] which is defined for sufficiently small h, where 
h 

h = (h, 0, ... , 0). We note two simple identities relating to v h . 



1 . L u h v dx + J n uv h dx — where u and v both vanish near <9Q - 2. 

2. (au) — a u + cC h u(x — h). 



Let be a function in f^(Q) vanishing near dQ. - 2- « is in H m (Q) and 
vanishes near the boundary. Using Leibnitz's formula, it is seen at once that to 
prove u € H m (Q), it is enough to show that D T {<pu) € H"'{Q). We shall prove 
first that {<p uy h is bounded. □ 

Let 76 

b(u, v) = a(<p u, v) - a(v, 0m) 

X I b pq( x ) d<,u DPv dx (2) 

lpl<m,M<m,|p|+M<2m-l 

where b pq (x) are products of derivatives of with a^s, and so vanish near 
dQ - 2 and are in ^(Q). Using (Q) and (|2j, we have 

a((f> u)-'\ v) = [a((cf> u)-'\ v) + a(0a, v h )] - b(u, v h ) - (/, 4>v h ) . (3) 

Now we prove three lemmas. 

Lemma 9.1. | a{{<f> u)~ h , v) + a(<p u, v h )\ < c\ \\u\\ m . 
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Lemma 9.2. \b(u,v h )\ < c 2 ||v|| m . 
Lemma 9.3. | (/, <f> v\ \ < c 3 ||v|| m . 

Using these in with v = (<p u)~ h and using ellipticity condition, we have 

a || (4> uT h f m < c 4 || (0 uy h || m . 

Hence (0 w) - " is bounded in H'" . Since bounded sets in H m are weakly 
compact, there exists a sequence such that (<p u) 1 converges weakly to a 

, d u d u 

function g e H"'. However since (<p u) • — > — — in @, we have - — € H m . 

d Xi o x\ 

This proves the proposition l9.ll that Dj u € H'". It remains to prove the above 

lemma l9~Tll9~21 andl931 

Proof of Lemma 9.1. a((<p uY h , v)) + a((pu, v h ) consists of sums of terms like 
X = J a(x) D\(f> uf h DPv dx+ J a(x)D q ((f> u) D''v h dx 

\p\-m,\q\=m \p\=m,\q\=m 

= J a(x) D q (4> uY h Wv dx - ^((a(x)D q (<p u)) DP v dx 

= j a(x)D q ((f> uY h DPv dx- j [a(x)D cl ((/> uY h 

+ cr h {x)D q ((j> u)(x - h)] Wv dx 
= - J a' 1 ' D q (<f> u)(x - h)D p v dx. 

Since cC h are bounded and translations are continuous in H m and \q\ < m, 77 
we have, by using Schwartz's lemma. 

\X\ < C\D"V\ < d\\v\\m- 

Proof of Lemma 9.2. By definition, b(u, v h ) = 2 / b pq {x)D q uDPv n dx. \i\p\ < 

\p\<m,\q\<m\p\+\q\<2m-\ 

m - 1, then as v e H m ,DPv h is bounded in L 2 . If \p\ = m we have 
\q\ < m - 1, and j b pq (x)D q uDPv h dx = - j (b pq D q uY h D~Pvdx, and since 
b pq e and u e H m {£l), we have {b pq D q uY h bounded in L 2 ; so that 
at any rate \b(u, v h )\ < c||v|| m . 

Proof of Lemma 9.3. This follows easily, for as h — > 0, v h — > D T v in L 2 and 
hence (f,4>v h Y < c||D T v|| L 2 < c||v|| m . 
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9.3 

We continue with the proof of theorem l9TI Having proved that D T u e H m (Q. e ) 78 
we proceed to prove now the 

Proposition 9.2. D p T u e H m {D. e )for \p\ < m. 

We prove this by induction. Assume it to have been proved for p = 1, . . ., 
r - 1 ; we prove it for p — r. Let <p be as before in &{Cl) vanishing near dQ. - 2 . 
To prove that D?«€ H'"(Cl e ), it is enough to prove that <pD e T u e //'"(Q), where <f> 
is as in proposition ^. II This will follow from the weak compactness argument 
used previously if we prove that (<f>D%u)~ h is bounded in H'"(Q) and this itself 
will follow on account of ellipticity if we have proved that 

|a((0Df«r* v)|<c||v|| B . (1) 
To prove Q, we write as before 

a((cpDuY h , v) = (a((f>lf T uy h , v) + a((<f>I%u), v h ) - a(Lfu, v h ) - b(lf T uv h ) 
where b(u, v) = a(<f>u, v) — a(wpv). 

We prove now in the following three lemmas saying that each of the terms 
above is bounded in H"'(Q). 

Lemma 9.4. \a((<f>D^uT h , v) + a(cf>r%u- h , v)\ < ci\\v\\ m . 
Lemma 9.5. \a{^D^u^>v h )\ < ci||v|| m . 
Lemma 9.6. \b(^lf T uv h )\ < c 3 ||v|| m . 
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We begin with 19.41 The expression to be estimated consists of sums of 
terms like 

X = j (a(x)D p ($D r T uy h Wv + {x)d p (<pLf T u)Div h dx 

= j ((a[D p (cf>D r T u)- h - (aD p {^D' T u))- h Wn>dx by using Q 

= J a~ h D p (pD r T u(x- h)Wv by using (2) 

Since \r\ — k- 1, by induction hypothesis, D r T u(x-h) is bounded in H 2m (Q. e ) 79 

and a- h DP(<pD r T u{x - h)j in l? as \p\ < m, which prove s l9~4l 

Now we prove |93] We have a(D r T ucpv h ) = a(D r T u(f>v h ) - 
D r T ((f>u) h )+(-l) k - l a(u,D r T ((f>v) h ). 
From 9.2, we have 

a(u,D r T (cf>v) h ) = (f,D r T (4>v) h ) , for \r\ = k - 1 < m - 1, 

and hence |o(m, D' T ((pv) h )\ < c||v|| m . 

It remains to consider the first difference, which consists of finite sum of 
terms 

Z= J aD e 'D r T uDPcf>v h dx-(-l) k - 1 j aD q D r T uDP(f)v h dx 

\q\<m\p\<m,r=k-l \q\<m,\p\<m,\r\=k— 1 

By induction hypothesis, if \q\ < m — 1, and \p\ < m - l,D p <pv h and 
D p (D' T <pv~ h ) are bounded in L 2 . So we consider the terms where \p\ = |^| = m. 
Now 

J" aD q uD p (D r T cf>v h )dx = J" D r T (aD q u)Di^v h dx 

and terms in Z with |p| = |g| = m become 

^ f /3D^ J D q uDi(Pv h dx 

which proves that |Z| < c||v|| m . 

Finally we prove l9~6l MZ)''«. v*) is a sum of terms like J aD q D r T uDP<f>v h dx. 
If |p| < m- 1 , since v h are bounded in D p v h are bounded in L 2 . If \p\ = m— 1 , 80 



j pD q D r T uDi<f>v h dx = - J (J3D c >D r T uy h DPvdx 
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and v h are bounded in L 2 . Hence in any case 

|ft(Z)>,v*)|<e||v| 



Upto now we followed the proof given by Nirenberg 0- In the following, 
the proof will be slightly more complicated than his, but will prove slightly 
more. Another proof is briefly indicated in Browder |5 1. 



We still require a few preparatory lemmas before taking up the proof proper of 
the theorem. 

Lemma 9.7. Let Q =]0, 1[" be n-cube and u e L 2 (Q) be such that Dfu e L 2 
d m 

where D'" — -—^(exactly m-th derivatives in each variable). Then u e H"'(D.). 



Remark. This lemma is related to the theory of coercive forms of Aronszajn 



This lemma will be proved in two steps. 

(a) We prove first D\ e L 2 (Q)for \k\ < m- 1. 

Let K m {Q) be the space of u € L 2 such that D k t u e L 2 (Q). This is a space 
of type H(D.,A) and hence is a Hilbert space with its usual norm. By using 
Fourier transforms, we see that on the K m metric and H m metric are 
equivalent. Hence the closure of D(Q) in K m (Q.) is H™(Q). From prop. 
11.31 we have 



where / e if and only if £(- l) m D 2 m f + f = 0. Now as the operator 
Z(-l)"'D 2m is uniformly elliptic, we have / e #(Q). 

To prove (a) we have to prove, say D k .f(x\, . . . ,x„) € L 2 (Q),/ e (?(Q) n 81 
K m . From a classical inequality, we have 



where c is independent of e. Integrating over the remaining variables, we 



9.4 



ID- 



K m (Q.) = H" \Q.) e 3£, 




6 



e 



have 
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for every e> 0. Hence 



D\f(x u . . . , x)\ 2 dx < c\\u\\ 2 K m for feJt?. 



We have proved then if u e K m {Q), then D\u e L 2 for all \k\ < m - 1. 
Corollary. //^ e ^(O) and u e £ m , ffen ^ M e « m . 

This follows at once from Leibnitz's formula, and (a). Now the second 
step is to prove 



Then for every u e K m (Q.), there exists U e K m (Cl') such that U = ua. e. 
on Q. 

Assuming this for a moment, we finish the proof of the lemma, Applying 
ib) to each of variables x„ we get an open cube Q such that Q n Q and 
such that for every u e K m (Q), there exists U e K m (Q.) with U = u a.e. on 
Q.. Let 6 be a function in f^(0 which is 1 on £1 Then by the corollary 
to (a), #£/ G K m (Q) and having compact support is in H™(£1). Hence its 
restriction to Q. which is u is in H m (£l). 

Now to prove (b), we require 

(c) S>{Cl) is dense in K m (Q). 

We may obviously assume D. =] - 1, Let u e /f m (£2) and define 
v,(x) = v(tx), for t < 1 for all x e Q such that x e y£X 

Let u t be the restriction of v t to Q. Then it is easily seen that as t — > 82 
1, Wj(x) — » m(s) in K m (Q). Hence to prove (c) it is enough to prove that each 
u t (x) can be approached by functions of 3>{Q). Since Q, c Q', let 6 be a 
function in f^(fi) which is 1 on £2. Then w = 9v T {x)K m {Q!) and has compact 
support. Hence to e //™(Q') and sow = lim^ in H™(Q') where e f^(O'). 
Hence restrictions of ipk to £2 converge to u T = restriction of to to Q in /f m (£2). 

Now we prove (b). It is enough to define a map from @(Cl) to K m {Q!) 
which is continuous in with the topology of K m (Q.). Let u{x) e ^(Q) 

and let Q! be as in (b). Define 



(b) Let 
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where x! = (x\, . . . , x n -i) and (x', x n ) e Q! - Q. We find A/ suitably so that all 
the Derivatives of U on E are well defined. (See § I2.5> . This mapping u — > U 
of <?(Q) with the topology of K m {Q) to is seen at once to be continuous. 

This finishes the poof of lemma EFTl 



n 
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9.5 Completion of the proof of theorem I9TTI 

We are now in a position to complete the proof of theorem f9. II Our problem 83 
is to prove that if u is such that Au = / e H"'(£l e ), then u e H 2m (Q. e ) for every 
e> 0, where A = I.(-\)^D p (a pq D q ) with a pq e ^(Q). We have already proved 
that DjU e L 2 (£2) for |p| < m. We now have to consider D p u. We denote the 
derivatives with respect to x„ by D v . In this part of proof only ellipticity of A is 
required, and boundary conditions will not be necessary. We write also O for 

Now 

A M = ^(-irD;"g+ J] (i)o;/) p « (i) 

r<m-l,\p\<2m-r 

where g = ^ (*)£> p « = /3(x)D™u + ■■■ (2) 

|/>|<m 

We prove now 

Lemma 9.8. Re/J(jt) > a > 0. 

Lemma 9.9. g e H m (£l). 

Lemma 9.10. D™ +1 m e L 2 (Q). 

Using these lemmas and lemmas 19771 since already it is proved that DjU e 
H m (D), for \p\ < m, we have the 

Corollary 1. u e H m+1 (Cl). 

Proof of the lemma 9.8 It is easily checked that /3(x) = a pp (x), p = (0, . . . , 
0, m). Since Re Y.a pq {x)^^ > a^ 2m , taking £ = (0, . . . , 0, 1), we have 
Re/3(x) = a pq (x) > a > 0. 
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Proof of the lemma 9.9 On account of lemma 19.71 it is enough to prove (a) 
H?g e L 2 (Q), (b) D A g € L 2 (Q), \A\ = m. 

a) follows from Q for Au e L 2 and D r y D p T u = D r y D q T (Diu) e L 2 (Q), 84 
|r| <m— 1, |/?| = 2m - rlg'l + r < m, \q'\ < m for by proposition l9.2l 
D?'k e // m (Q) and |?| + r < m. 

b) follows from (f2J since we have D A g — £ aD p D A u and D A u e 

p m, m 

H m {Q) by propositionl9~2l 
Proof of lemma9.10 From (2), we have 

D y g=pD y n+l u + (D y p r )D" y , u + V a(x)D p u. 

\p\<m+l,\p„\<m 

From lemma 1931 D v g e L 2 ; D™m e L 2 as u e H"'(Q.) and the last sum is 
in L 2 as seen in lemma l9~^l Now, by lemma l9~%l we have D'" +l u e L 2 . 

Thus, having proved that u e H"' +l {Q.). There are two ways in which we 
could possibly carry the induction. However, the easier one of proving that 
u e H"' +k (a) u 6 H m+k+ \D) does not work for if we take D k y +1 g we get 
terms like 2 aD v D p about which we cannot say anything at once 

p<k+\,\p\<m,:p n <m— 1 

unless k — 0. 

We proceed in a slightly different way. We prove first 

a) D A D^ +X u e L 2 (Q) with \A\ = k, and 

b) assuming D A D^ +l p u e L 2 (D) for |A| < k-p+l, we prove thatD^K y +p+l u e 
L 2 for \p\<k- p. 

(a) From (|2} we have 

D A T D y g=pD A D y n+l u + Yj aDPu - 

\p\<m+k+l,p n <m 

By lemma 1931 D A D y g e L 2 . Since Jt + 1 < m, and p„ < m, D p u = Lf T D q u 85 
with \q\ < m. Hence the last sum is in L 2 , and D A D™ +l u e L 2 (Q) as Re/3(x) > 
a > 0. 

b) Again from (0, 

lT T lf v +l g=f3lf T D';! +p+l u+ J] aD q u. 

\q\<m+\p\+§ + \,\q„\<m+p 
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We have \q\ < m + Ik + 1, |g„| < m + p; hence by induction hypothesis, 
the sum is in L 2 (Q). Since \p\ + p + 1 < Jt + 1 < m, D^lfy^g e L 2 . Hence 
Lf y D"y +p+x u e L 2 . This proves D 2m i< e Z 2 . 

Since we have already proved D p u e L 2 , \p\ < 2m, by lemma l9~71 we have 
u e // 2 "'(Q) . 

9.6 Other results. 

Theorem l9.1l is but a first step in considering the regularity at the boundary. We 
prove now the 

Theorem 9.2. Hypothesis being same as in theorem^!] iff e H k (Q) and 
Au = f, then u e H 2m+k {D). 

Theorem 19 . 1 1 corresponds to the case k — 0. The proof of this theorem is 
similar in its development to the proof of theorem l9~T1 First by making use of 
local mappings we prove that it is enough to make the proof in the case of a 
cube]0, 1[". 

Next to prove u € H 2m+k we have to prove D p T u and D p "u are in H"\Q.) 
for \p\ < m + k and p„ < m + k respectively. The third step not involving the 
boundary conditions is essentially the same as in the previous considerations. 
We consider briefly the second step by proving the 

Lemma 9.11. D p T u e H m (Q. e )for \p\ < m + k. 86 

We have proved this lemma for k — 0; we assume it to be true for 1 , . . . , k - 
1, and prove it for k. As before we consider the difference quotients {D r T uY n 
with \r\—m + k+\, and prove that they are bounded in H m {Q. e ). It is actually 
enough to show that ((pD r u) is bounded where <p e £F(Q) vanishing near 
<9Q - 2- As before, we consider the identity 

a((c/>D r T uy h v) = a(((f>D r T uT h , v) + a((f>D r T u, v h ) - b(D r T u, v) - a(D r T u, cf>v h ) 

where b(u, v) = a(<pu, v) - a(u, 0v). 

By induction hypothesis we may assume that D p u e i/ m (Q e ) for \p\ < 
m + k — 1. Using this and almost the same manipulation as in proposition 
19.11 we prove that a((<pD r T uy h , v) + a(<pD r T u, v h ) and b(D r T u, v) are bounded in 
H m (Q. e ) by c||v|| m . To prove a(D' T u, <pv h ) is bounded we write 



a(D r T u,cf)v h ) = [a(D r T u,<pv h ) + (-l) |rhl a( M , D r T ((f>v) h )] 

+ (-l) |rhI fl( M ,D r (0v) /! ). 
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The first sum is proved to be bounded again by the same methods as those 
used in proposition ^. II However, to prove e(u, D' T <pv h ) is bounded, we cannot 
use at once a(u, D' T <pv h ) = (/, D r T <pv h ), for D q T v is not necessarily in H"'(Q) for 
\q\ < r. However, by regularization, it is seen that such v that D q T v e H"'{Q) for 
\q\ < r are dense in 7/ m (Q). It is enough then to prove a(D r T u, <pv k ) is bounded 
for such v's and then we have a(u, D' T {<pv h )) , \r\ - m + k-l. Now, since / e H k 
we can integrate the last expression £-times by parts and obtain 87 

a(u,D r T (<f>v) h ) = \(-lfyl%f,IXr 1 Wf) 

< C\v\ < C\\v\\ m . 

Having proved then that a((<pD r T u)~ h , v) is bounded by c||v|| m in H m (Q) by 
putting v = (p(D r T uy h , we obtain, as usual, by ellipticity, that \\<p(D^u)' h \\ m < c 
and by now standard arguments that D'" +l u e H m {£l e ). 

From theorem|43]we have i/ p (Q) c S°(Q) if ap > n. Further if Q. has 
p-extension property from theorem r4.4l // p (Q) c S°(Cl). Hence, by using the- 
orem !9.2l we have the 

Theorem 9.3. Under the hypothesis of theorem 19.71 Ik > n, then u is in 
S lm {Q). 

In this case u is a usual solution of Neumann problem. 

Remarks. Analogous proof applies for Dirichlet's problem. Now the question 
arises for what spaces V such that H" c V c H m can we apply the above 
methods for proving regularity at the boundary. One of the crucial steps in 
above proof was the manipulation of difference quotients v h and hence the 
subspace of V consisting of functions which vanish near the boundary <9Q - 
S must be invariant for translations. For spaces V given by conditions like 
( du d k u ) 

\u, — = 0, k < n - 1 >, this condition is satisfied. However, for 

I or] drfk ) 

du 

spaces V c H m , m > 2, determined by conditions like a(x)u + f3(x)- — = on 

dx„ 

E, this condition is obviously not satisfied. Nevertheless by changing a little 
the method of proof the regularity theorems have been proved by Aronsza jn- 88 

du 

Smith for the spaces V given by conditions like a(x)u + /3(x)- — = 0. We shall 

ox n 

consider these methods in later lectures. 

9.7 An application of theorem I9TT1 

Let A and be as in theorem l9~TI On we consider the metric |h|jv — IML + 
\Au\ and on H 2 '" C\N, the metric IMbm + IML + \Au\ which defines on H 2m nN 
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the upper bound topology. The inclusion mapping H n N — > N is continuous 
and since from theorem ETTl it is onto, it is an isomorphism. Hence 

IMbm + \\u\\ m + \Au\ > c{\\u\\ + \Au\o). 
i.e. , \Au\ + \\u\\ m > y'\\u\\ 2m . 

This is equivalent to 

\Au\ + \u\ > y'\\u\\ 2m , 

in the case of strongly m-regular open sets (which is the case in theorem l^Tl . 

This is proved directly by Ladyzenskya for the case m = 2, and by Guseva 
for the general case. [ ]. To obtain the regularity at the boundary from these 
inequalities, one has to prove moreover a non-trivial density theorem. 
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9.8 Regularity at the boundary in the case of problem of 

oblique type 



Let Q = {x„ > 0). In § 12.41 we have denned map y of H l (Cl) onto H'-(T). Let 89 
du 

Ait - Ettj-T— where a; are real constants, and let a(u, v) = (u, v)i + A(u, v) G + < 

Ayu,yv > with A > be a sesquilinear form on //'(Q). In § 16.71 we have 
proved that the form a(u, v) is H l {Q) elliptic and that the operator A associated 
with it is - A + /L We gave there a formal interpretation of the space N. Now we 
prove some regularity theorems justifying the formal interpretation in regular 
cases. 



Theorem 9.4. Iff e Ir and u e N is such thatAu = /, then u e H l (Q). 

As it is by now usual we consider the difference quotients u h (x) = 

u( r + h\ — lit x) 

— and prove that they are bounded in H (O). This will im- 



h 

d u , du 

ply that — — G H for i — 1, ...,«- 1. Next we consider - — . We know 

axi ox„ 

a(u, v) = (/, v) a for all v e H\D). Hence a(u, v h ) = (/, v h ) a for all v e H l (Q). 
Since a(u, v) has constant coefficients we have a(u, v h ) - -a(u~ h , v). Hence 
a(u~ h , v) - (/, v h ) and so \a(u~ h , v)| < c\v h \ < c\\v\\\. Taking v = u~ h we have 
a\\u- h \\ 2 < \a(iT h ,u- h )\ < c\\u-% . Hence < c. Next -Am + Au = f 

d 2 u , , , 

and Am = — -+ tangential derivatives. Since Au e L , u e Lr,f e L and 
OK 

as has been proved the tangential derivative are in L we have — - G L , this 

complete the proof that u G H l (Q). 

The same proof can be adopted to prove the 90 
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Corollary. /// e H k , then u e H k+1 . 

If k is large enough, say 2k > n, then we have proved in that H k (Q.) c 
<?°(Q). Hence for 2k > n + 2, u e <? 2 (Q). Hence the formal interpretation given 
§ I6.7l for u e N is a genuine one and we have if 2k > n + 2 and if / 6 H k and 

du 

u e N is such that Au = /, then u satisfies Ayu = y- — . 

ox„ 

9.9 Regularity at the boundary for some more problems. 

In the § 16. 81 5. 8 we have considered the case where V consists of u e H l (£l) 
such that yu e H l (Y), the topology on V being given by the norm ||w||i + ||yw||i. 
If a(u, v) = (u, v)\ + A(u, v) + (yu,yv) with A > 0, then we have proved that 
a(u, v) is V-elliptic, that the operator defined by a(u, v) is -A + A and that the 

du 

boundary value problem solved formally was — — (x , 0) = ApM. We prove now 

ox„ 

the 

Theorem 9.5. Iff g l? and u e N is such that Au = f, then u e H l (Q) and 
yueH\T). 

Proof. First of all we observe that V is closed for translations, i.e., u e V => 

v h e V for sufficiently small h. Now we know a(u, v) = (/, v) for all v e V and 

hence a(u, v h ) = (/, v' 1 ),,. Since a(u, v) is with constant coefficients —a(u , v) = 

+a{u,\^) = (f,v h ) . Hence \a(u~ h , v)| < c||v||y. Putting v = u~ h we obtain 

IIm ^IIi + Il7w~ /l lli ^ Hence u h and yu h are bounded so that as usual, 

D T u e H\Sl) and D T yu e H\T). Further since -Au e L 2 and D T u e H\Q), 

d 2 u , , 
we have - — e L . Hence u € H~(D.). □ 

dx„ 

CoroUary. /// e H k , then u e H k+ . 

, n 
For sufficiently large k, e.g., 2k > n, we have H K c &°. Hence for k > — + 1, 

the formal boundary condition becomes a genuine one, and we have 

du 

— — (x , 0) — ATu = 0. 

ox„ 

10 Visik-Soboleff Problems 
10.1 



In a sense these problems generalize non-homogeneous boundary value prob- 
lems, e.g., such ones in which solutions of Am = / are sought which would 
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attain in some sense boundary values given a priori. However, since not until 
late this aspect of the problem will be evident from the way we shall formu- 
late the problem, and since the hypothesis we shall have to assume in order 
to ensure the existence and the uniqueness of solutions will not be obvious, in 
this lecture we prefer to discuss the development of the problem and deduce 
theorems as consequences thereof. 

Let Q. be an open set in R" and V be such that H%(Q) c V c H"'( ). 
Let Q - L 2 (Q) and a(u, v) - Z f £la pq D q u DPvdx+ some surface integrals 

\p\H<m 

for u, v e V. (However in the sequel we shall drop surface integrals as their 
inclusion only complicates the technical details. ). As in theorem 13.11 we 
define the spaces N and the operator A = ^ p ^ q ^ m (—l) p D p (a pq D 9 ). 

We shall assume a(u, v) to be V-elliptic, i. e. , \a(u, u)\ > a\\u\\f n . for some 
a > and all u c V. In this case it is known that A is an isomorphism of N 
onto L 2 . Let a*(u, v) = a(v,u). Then |fl*(M,«)| > Qr||z*||^ for all u e V and the 92 
operator A* = %(-l)W(D p a qp (x)Di) it defines is an isomorphism of Af* onto 
Q = L 2 . 

Suppose now there exists sd qp e @i<»(R n ) such that srf pq = a pq on £2 and let 
srf = £(-l) W -D p (-<^(Jt)-D ? )- We remark that though A is elliptic, s4 need not 
be elliptic. Let for / e L 2 (Q), « e iVbe such that Au = /. Let / and u be the 
extensions of / and u respectively obtained by defining them to be zero outside 
£1 Of course, we do not have siu = /. The difference stu — f is given by the 

Proposition 10.1. Ifu&Nbe such that Au = f, then for every v e H 2m {R") 
such that vq e N* we have < siu — f, v >= 0, where vq is the restriction of v 
to Q. 

Proof. < g/u - f, v >=< ft, £/*v > - < f, v > for v e H 2m (R n ). a 

Now since u vanishes outside £2, we have 

< ft, srf*v >— (u,A*vn)o — (A*vn,M )- 

Since vn e Af* we have (A*vn,u) = 4>a*(vn,u) = a(u,vo) = (Au, vq) . 
Further < /, v >= (/, vq) as / vanishes outside Q. Hence 

<gfu~f,v >=< Au - f, v >= 0, for v e H 2m (R n ) 

such that vq e N*. 

Now arises the converse problem. Let w e L 2 (R") be such that the support 
of w is contained in Cl and let there exist / e L 2 (Q) such that < stfw- f,v >= 
for all v e H m (R") such that vo e W. Does there exist u e N such that w = ft 
and Au = f. Let u e N be the solution of Au„ = f. By proposition llO.il < 
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g/u -f, v >= for v e H m (R") such that v n e N*. Hence < £/-w-u„, u >= 0, 93 
i.e., < — (w - u a ), £/*v >- 0. Since and u B have their support in Q, the above 
means (w -u ,stf * Vn) = 0. 

In order to have w - u„ — 0, we have to secure that A*Vn be dense in L 2 (Q). 
A* being an isomorphism of N* onto L?(Q.) we must consider when the solution 
x e N* of Ax = g is restriction of a v e H 2m (R"). This would follow (a) if we 
should apply the theory of §|5] Then it would follow that x e H 2m (Q), and (fo) 
if Q. had 2m-extension property, then there would exist x e H 2m (R n ), such that 
(7DC)fi = x. 

In other words, for every g e L 2 (Q) there exists vn such that A*vn = g if 
the above two conditions are satisfied. We have proved then the 

Proposition 10.2. Besides the hypothesis of Proposition Uin] , assume 

1) A*u = g with u&N* and g e H° implies u e H 2m (Q.), 

2) Q, has 2m-extension property, and 

3) there is given 6 H°(R") such that the support of Q contained in Q and 
< £?w - f, v >= Ofor all v e H 2m (R n ) such that Vq € AT. Then wu , u„ £ N 
being the solution of Au a — f. 

Remarks. Since $ is dense in L 2 (Q) instead of assuming the theory of §|5] it 
would be enough to assume that A*x — g, g e ^(Q) implies x € H 2 "'{Q). 

(2) It is not known whether (1) and (2) in proposition 10.2 are independent 
or not, or whether (2) is a consequence of (1) . The condition (3) can be put 
more succinctly by making the following 

Definition 10.1. M° is the subspace of H~ 2m (R") consisting of distribution T 94 
such that < T, v >= O for all v e H 2m (R n ) such that Vq 6 N*- 

It is easily seen that M" is a closed subspace of H~ 2m (R") and that the 
support of T e M" is contained in [~. We may summarize the proposition llO.il 
and ll0.2l in the following. 

Theorem 10.1. Under the hypothesis of Proposition U7n\ and U0~^\ the bound- 
ary value problem "Given f e L 2 (D), find u e N such that Au — f" is equiva- 
lent to "Given f e L z (£l),fmd w e H°(R") such that sdw - f e M°". 

10.2 

Now the second formulation has an advantage over the first one that it can be 
generalized. In the first instance we notice that instead of / we could take any 
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T G i/^ 2 "Q and raise the problem 

Problem 10.1. Given T e H^ m does there exist w e L 2 (R") with the support 
in D, such that stfw -T e M°. 

Similarly a much general problem could be formulated by defining new 
spaces M . 

Definition 10.2. M k is the subspace of H^ k+2m \R n ),k being a non-negative 
integer, such that <T,v >- Ofor all v e H k+2m (Q) with v n e N*. 

Lemma 10.1. M k is a closed subspace ofH~ k+2m . 

Proof. We prove only that the support of T e M k is contained in the other 
assertion being then obvious. If if e ^(crQ), take v = <p. Then vn = 0, and 
hence is in jV*. Then < T,<p >=< T, vq >- 0. Hence the support of T is 
contained in Q. If now <p e 3>{Q), then again let v = (p. Now v e H k+2 "'(R") 95 
and vq = <p e N*. Hence < T,tp >- 0. This proves that the support of T is 
contained in F. □ 

We have now the 

Problem 10.2. Given T e H- (k+2m) does there exist U e H~ k (R") with support 
in Q. such that srfU - T 6 M k . For K = we get the problem [T{Hl 



l H m (Sl) consists of ue H "\R") such that the support of u c il 
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The problem of formulated in the last lecture would loose its interest if g/U 96 
were not independent of the extension srf of A that we have chosen. We prove 
that in fact this is the case for some kinds of domains. 

Let srf and stf' be two extensions of A. Let e H^ k . We have then (srf U 

-J2/U, v) = (U., (£/* - stf*)v > for v e H k+lm {R n ). Since s/* =rf"onfl,iv = 
(&/ * -#/*)v is such that wn = 0. Now in order that jz/U = gf'U it is sufficient 
to assume some sort of density of {,e/* - srf*')v, for v e H k+2m (R") in H k (R n ), i. 
e. , of w e H k (R n ) such that wq = 0. This can be done by having the following 
definition. 

Definition 10.3. Q is k-sufficiently regular ifwe H k (R n ) is such that wn = 0. 
Then there exists g e H k (crCl) such that = g. 

Assuming then O to be sufficiently regular, we have srf* - srf*'v = w = 
\imipi in H k ([£l) with <pj e &([&). But since U = on [Cl,{U,<pj) = 0. Hence 
- $f*)\J, v) = for all v e H k+2m (R"), and so srfu = srf'VJ. 

Definition 10.4. IfQ. is k-sufficiently regular, the problem will be called Visik- 
Soboleff problems. 

10.3 

We prove now the uniqueness and existence theorem for the Visik-Soboleff 
problems. 

Theorem 10.2. 

(1) Let Qbe a domain in R" such that 

(a) D. has k and k + 2m extension property; 
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(b) disk and k + 2m sufficiently regular. 

(2) Let V be such that H'"(£l) C V C H m (£l) anda(u, v) be a sesquilinear form 97 
on V satisfying a(u, v) > ar||«||^ and such that there exists srf pq € ^^(Q) 
smc/z that srfpq = O pq on O. 

(3) Let the operator A* defined by a*(u, v) = a(v, u) be such that A* u € H k {D) 
imply u € H k+2m . Then Visik-Soboleff problem admits a unique solution 
i. e. , given T e H~ k+lm (Q,, there exists a unique u e H~ k (Q.) such that 
Au-T e M k . 

Proof. To prove this theorem we shall require some lemmas. Let (H k (Q.))' be 
the dual of H k (£l). We do not identify (H k (£l))' with any space of distributions 
for &{Q) is not dense in general in H k {Q). We know the restriction map v — > 
vq of H k (R n ) into H k (Q.) is continuous. The transpose of this mapping is a 
mapping of #*(£!))' into (H k (R n )) = (H k (R n )) = (H k (R n )) = H~ k (R"), given 
explicitly by {n k , T, v> = (Tv a ) for v e Further if v n = 0, for, v> = 0, 

i. e. , n^T = on [Q so that the support of is contained in CI. Hence is a 
continuous mapping of (H k (D.))' into H^ k . a 

Using (1) - (a), and (b) of the theorem we prove the fundamental 

Lemma. The mapping T — > n{T of(H k (Q.))' into is an isomorphism. 

Proof. We build explicitly the inverse. On account of the m-extension property 
of £1, there exists a continuous mapping u — > P(u) of H k (Q) into H k (R n ), with 
Pfi = u a. e. on £1 Let S e H^ k . Then the semi-linear form u — > (S,Pu) 
is continuous on H k (Q) and hence defines an element e (H k (Ci))' so that 

<5,?(l0> = (fi)*S)(") 

The mapping S — > a^S is obviously continuous. The lemma will be proved 98 
if we prove 

a) cbk — _j T — T, and £>) UkOJkS — S . □ 

a) We have Lo^kTiu) = {nkT,Pu) = T((Pu)n) = T(u). 

b) For v e H k (R") we have 

(n k cb k S,v) = (co k S)(v n ) = (S,P(v n )}. 
Let w = P(v ) we have to prove 

{S,w) = {S,v). 
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Let g = w - v; we have g e H k (R") and gn = Wq = 0. By lb) we have 
g = h with h e ff*(2(Q). Hence 

(S,g) = (S,h) = tim.(S,<pj),<pj e 0(e Q) 

since £ e ffr*. 

Hence (5, w) = (5, v) which completes the proof of lemma. To complete 
the proof of the theorem, given T e H~ k+2m (Q) we have to determine U e 
such that ,s/V -T e M k ; {stfu - T, v> = for v e H k+2m {R n ) such that 
vn e N*; or such of/ that 

(U,#Fv) = (T,v). (1) 

By hypothesis 1) (a), (b), on account of the above lemma, there exist iso- 
morphisms G) k ,G) k+2m of H n k and H^ k+2m> into (H k (Q.))' and (H k+2m (Cl)y re- 
spectively. Let d>ttA = w, u)k+2mT = t. Then 

(U,£?*v) = {n k u, sFv) = u((srf*v) n ) = u{A*v a ) 

and (T, v) = {n k +2mt, v) = f(vn), so that from Q our problem will be solved if 
given t = u> k+ 2 m T we can determine m e (H k (Q.))' such that 

w(A*vq) = f(v£j), for all v e H k+2m (R") such that v n e N*. (2) 

We prove that the problem can be still simplified in as much as we need 99 
prove only for w e H k+m (Q.) e A'*. Indeed on account of (k + 2m) extension 
property of £2, w e H k+2m (Q) n AT* is a vn when v = P(w). Hence our problem 
is reduced to: Given t = cbk+imT determine u e (H k (Q.))' such that 

u(A*v) = t(v) for all v € H k+2m (Q.) n AT 

Now we use (3). Let / e ff*. Then A* v = / has a unique solution G*/ € N* 
which on account of the hypothesis (3) of the theorem is in H k+2m {Q). If / — > 
in H k (Q), G*f — > in H k+2m (Q.). Hence by the closed graph theorem, G* is a 
continuous mapping of H k into H k+2m (Cl) n A'* in the topology of H k+2m (Cl). 
Since t (H k+2m (Q.))' f — > t(G*f) is a continuous semi-linear mapping on H k (Q.) 
and hence there exists a unique m e (H k (Q.))' such that 

a^v) = = f(G*/) = f(v). 

Remark. 17 depends continuously on T. 
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10.4 Application. 

We now consider some applications of the above theory bringing out how the 100 
usual non-homogeneous boundary value problems are particular case of Visik- 
Soboleff problems. 

Let V be such that c V c H^D.). and a(u, v) = (u, v)\ + A(u, v)„ for 

A > 0. The operator A associated with a(u, v) is then by § 13. 5Y F - A + A. Let 
srf — —A + A. Since a(u,v) is hermitian A = A* and n = N*. Visik-Soboleff 
problem reads now for M° as: Given T € determine U e L 2 (Q.) such that 
-Am + Av - T 6°. From theorem [10.21 it follows that this problem admits a 
solution, say for example, if Q has smooth boundary. 

Now we take a particular T — f + S where / € L 2 (Q) and S e H r 2 . Since 
the support of stfu - T is in F restricting to Q. we see Au = f where u = Un. 
Further (g/U-T, v) = for all v e // 2 (/?") such that v Q e A^*. Hence for such 



v, 



{-AU + AU, v) = (T, v) = </, v> + (S, v> 

= (-(AUY+Au),v) + (S,v). 



Formally, by Green's formula, 




and ((-Am + Au), v) = f ( 



A + A)uvdx. 
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Hence the original problem is formally equivalent to: given S G H~ 2 , find 

(du dv\ 
■ttv - u—\dcr = (S,v) where v e H 2 (R") such that 
or] or] J 

\'a e N*. 

We now take some particular cases of S . 
1) Let g and h e L 2 (T). If tp e &{R n ) the mapping w -> Lgipdcr - f h^-d 

" Jl J 07] 

is a continuous linear mapping on $!(R n ) with the topology of H 2 (R"). For 

if tp — > in H (/?"), ~r — — > in H (R") and since the mapping y from 
o?7 

it r _ r 5^ 

H (R") to L (T) is continuous, gtpdcr and h{—)dcr tend to zero in 

L 2 (£2). Hence this mapping defines S e H 2 (T). Then (1) reads 

rtdu dv\ J r J C,dv j 

— v-u— c/cr = gvd- /i— dcr (2) 
Jr\on dn/ J r J r On 



Let now 

i flv r du r 

a) V = // (Q). Then — = and (1) means I —vdcr = gvda for all v. 

cm J1 on 

Hence — = g, on T. Hence the problem solved is 
on 

du 

A A - u + u — f, — — g on T. (3) 

dn 

b) V = Hl(Q). Then yv = 0, and becomes 

-Au + Au = f, u — h on T. (4) 

2) Another example would be to take g e H ^ 2 (£2) and h e H~^(T). Then the 

mapping <^> — > (g, tp) — (h, y — ) is continuous on %>(R") with the topology 

\dnj 

of H 2 (R") for as we shall prove later on ytp — > in i/ 3 ^ 2 (Q) and y ( — > 

in ffs(Q), as <^ -> in i/ 2 ^"). This defines a 5 € /r 2 (T). With this S and 

■ 3m _3 

a) V = H , the formal problem solved is -Au + Au-f, — — geH 2 (<^). 

on 

b) V = H l z,... -Au + Au = f,u = heH-i(£l). 

These are the problems studied by the Italian School. The principal prob- 
lem is to give a precise meaning to Q, <E} and so on. (See Magenes II II . 
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11 Aronszajn and Smith Problems 1 
11.1 Complements on H m (Q) 

In § 12.41 we have defined a mapping y of H l (£l) onto H?(T) where Q = [x„ > 102 
o] and r = \x n = 0). Now we prove the 

Proposition 11.1. Let Q, — [x n > 0} and F — {x n — 0). Then the mapping y 
maps H m (D) onto H m ~ ^ (F) for all m. 

Proof. We denote x' — (x\, ... ,x n -\),x„ — y,tj' — (£i, ... □ 

Here we shall prove that the mapping is into. That it is onto will follow 
from a more general theorem to be proved later on. Since Q is m-extendible 
and since y on the restrictions of functions u(x',y) of @(R n ) is u(x', 0), 

it is enough to prove that the mapping u — > u(x', 0) is a continuous mapping 
of 3>(R n ) with the topology of H n '(R n ), into // m ^(F). This we do by using 
Fourier transform. 

Let = m(£) = J e~ lmx u(x)dx be the Fourier transform of u. Then 

u(x) = j e 2m ' A -v(£k/£and so u(x',Q) = j e 2 <- v(^,^„)d^„. Hence 

^>(x',0) = J" V(£' (1) 

We have now to prove that the mapping J^(m) = vJ? x >(u(x' ,0)) is contin- 
uous from ^F(^) with the topology of H(m) into &(H m ~i(Yy) or that v -> 
(1 + \%\ m ~^)^ x ,(u(x' ,Q)) is continuous from ,^{<2i) with the topology of H m 
into L 2 . 

Hence we have to prove, using Q, that 

j(l + |f| 2m - 1 ^'| J v(r,^ n | 2 <c J(l + |^| 2m )|v(^)| 2 ^. 
Now 103 

| J v(r,^„| 2 = | j v^.^xi + i^rxi + i^n-i^i 2 

i2/i . i/-im\2. 



1 The author's thanks are due to Professors Aronszajn and Smith for lending him an unpublished 
manuscript concerning these problems. 
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Putting 

v J (i + ifiV* J + i 



(3) 



Hence from and 0, 

< c f (1 + in 2 " 1 " 1 ) ^ — r f lvl 2 (l + KT) a <*$i 

< c J m 2 (i + i^n 2 ^ 

as was to be proved. 

du , 

Now, if u e //"'(Q), we have - — e (Q) and by the above proposition, 

ox n 

(du\ i 
- — € H'" 5 (T). Hence we have the 
ox„ j 

Corollary. y a (u) = j{d{m) e ff m -H(T)/or j = 1, . . . , m - 1. 

Now, let y(w) = (y «, . . . , y m _iw) and F = # m -| (r) X . . . X H m "H (T) with 
the product Hilbertia an structure. 

Theorem 11.1. The mapping u — > y(«) ofH m {££) onto F with kernel H"'(D). 

From the above proposition, it follows that y maps H" 1 (Q.) into F and that 

its kernel is H'"(Q). To prove that y is onto it is enough to show that if / = 
(0, ...,/),... ,0) e F with fj e H m ~ j ~i(T), then there exists m e ff m (0) such 
that yjM = /j and y t « = for £ ^ j and k < m — 1. 

Taking Fourier transforms in x', with f = . . . , £„_i) we have to find 
v(£',y) such that 

1) (l + |f| m )v(f,y)eL 2 (,y). 

2) Z^v(f,y)eL 2 (f,y),and 

3) (a)Z^v(f,0) = £(f) 

(b) D*v(f , 0) = for fc 5t J, fc < m - 1 . 
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Put 0(f ,y) = LyJe-Wbfjg). 
Lett = (1 + |f |)y. Then put 

v(f ,y) = ^r.y)d + <*if + ■ ■ ■ + < n " / " 1 )- 

By direct computation, we have 

D*0(f , 0) = for k < j - 1, D^(f , 0) = /)(f ), and 

of v >o) = -d Di{ y j){-\) i {\ + iri)7xr)- 

Hence D*v(f , 0) = 0, for k < j-l, D J y (g', 0) = fag), and 

1 v(f , 0) = Cj +1 (-l)'(l + |f |)'F;( ) + (7+ 1)^(1 + |f |) M (i 1 + If |)/;(f ). 

ai,..., ce m -j-\ are determined by m- j-l conditions that Z*j +1 v(f , 0) = for 
/= 1, . . . ,m - j - 1, .ac\, . . . , a m -j-\ are then well-determined independent of 
f , e. g. , (j + l)a\ = C J j +i and so on. 
It remains to verify 

(a) (1 + |f r)*V(f ,y) e L 2 for < m - ; - 1, and 

(b) Df(ftfg,y)eL 2 . 

(a) We have to consider 1(1 + |f | m Z*0(f . 



fj+2k e -tdt 



J(i + if i 2m )|/kf )|V + in 2 Vf J^y 2 ^-™^ 

(1 + If I 2m |//f )| 2 d + If I ^,2^1 

by putting (1 + |f \)y = t. 
<c f(l + |f | 2m - 2 ^ 1 |/;(f )| 2 Jf < oo, since f } e H m -^{T). 

b) We have to consider D^y^e-^'^ fag')). This is a sum of terms 
**- r (l + If r )y _1 (l + If m " r_1 e (1+lrl) ^(f ) for r = /,..., Jfc. 
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Hence we have to consider 

J(l + ri) 2 *" 2r (l + ri) 2m_2/ l//< J y^^e-^'^dy 



= J (I + \{\) 2k - 2r (l + \{'\) 2m - 2l \fj\ 2 d{' 



1 

^ (1 + |^'|)2j-2/+2i-2r+l 



t 2 i- 2l+2k - 2r e- 2t d by putting f = (1 + |f |)y 
<c J (1 + \t'\? m - 2i - l \fj\ 2 d? < oo, 
which proves the theorem. 
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11.2 Aronszajn-Smith Problems 

We prove a lemma which will be required often. 

Lemma 11.1. Let Q =]0, \L n andT = |On{i„ = 0}}. Let F = H m -±(Y)x...x 
H~- (T). Let f a be a bounded set in F such that all f a have their support in a 
fixed compact set 2 in T. Then there exists a bounded set v a in H"'(D) such 
that yv a — f a , y being as defined in 11.1 above, and v a = near dQ. — Ye 

Proof. By Theorem lll.il y : H m (Q.) — > F is onto with kernel H" 1 . Hence 

y induces an isomorphism y 1 of H"'/H'" onto F. Since /„ is a bounded set 

_>-i 

in F, y (f a ) is bounded in H"'/H"'. Therefore we can choose a bounded 
set u> a e H'" such that yco a = f. Next let <p € 3){£l) be zero near dQ. - 2 
and tp = 1 on 2- Then v a = <pv a are bounded, vanish near <9Q - 2 an d 

yv a = y(ip)y(io a ) = f a . a 

In § |9] we considered regularity at the boundary of some problems re- 
lated to the operator A defined by a sesquilinear form a(u, v) on V such that 
H"' c V c H m . Now we take up a particular example of a different space V. In 
this case the technique used in §|5]is not at once applicable. Since the prelimi- 
nary step of using local maps is at any rate permissible we assume Q. =]0, 1[". 
Further to avoid technical details, we assume that m = 2. Let -& be the subspace 
of H 2 {Q) consisting of functions 

a) vanish near d£l - 2> 

b) Bu — on where 
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with a , ... , a n -i e 3>(g). 107 

Let a(u, v) - Jo a pq (x)D q uDPvdx with a pq e ff(Q). 

Let Re a(u, u) > a\\u\\\ for all u e In this case according to the theory of 
§|5J as transformed by local maps as in §, for a given / € L 2 (Q), there exists 
u e N such that a(u, v) = (/, v) a for all v e §. We prove now 

Theorem 11.2. Let u e // 2 (Q) vwf/i Bu - Q and a(u,v) = (f,v) for all v e 
$,fe L 2 . Then u e H A {Q. e ) for every e> 0. 

Proof. Though a shorter proof by induction is possible in order to bring out the 
significance of the method we give a direct proof. Since after having proved 
that D p T u e H 2 for \p\ < 2, to prove D'"u e H 2 no use of boundary conditions 
need be made as in §9, to prove the theorem, we have to prove D p T u e H 2 for 
\p\ < 2. Further if e <p = 0, near <T - 2, to prove D p T u e H 2 for |p| < 2, 
it is enough to prove D p T (<pu) e i/ 2 for \p\ < 2. We break this in two steps. □ 

Step 3. D\{(f>u) e H 2 . 

As usual we need prove (<pu~ h ) is bounded in H 2 (Q) by c||m||2, and for this 
we consider a((<f>uy h , v). 

Lemma 11.2. \a(0uy h , v)| < c||v||2. 

We write 

a(((f>uy h , v) = [a(((f>u)- h , v) + a^u, v h )] - b(u, v h ) - a(u, cf>v h ) 

where b(u, v) = a(<pu, v) - a(u, <pv). 

As in §|9j we can estimate a(((fiuY h , v) + a((pu, v ) and b(u, v) by almost the 
same methods. It remains to be proved that \a(u, < c||v||2. We cannot put 108 
a(u, (pv h ) = (/, 4>v h )o as § is not necessarily closed for translations. However by 
"correcting" (f>v h with a "compensating" function cJ 1 we prove that \a{u, <fiv h )\ < 
c\\v\\2. More precisely we prove the 

Lemma 11.3. There exists Wh in H 2 (Q) such that 

(a) (pv h -w h e§ 

(b) \\w k h < c\\v\\ 2 . 

Assuming for a moment the lemma [TT31 we prove lemma [TT~2l We have 
a(u, 4>v h ) = a(u, (j>v h - Wh) + a(u, Wh). 
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Since <f>v - w/, e ft, a(u, <f>v h - Wh) - (/, (f>v h - Wh)o- 

Hence |a(«,^v' ! - w/,)| < \ f\ \4>v h - w h \ < c(\\v\\ x + \w h \ a ) < c||v|| 2 . 

Further w/,)j < c||w/,||2 < c||v||2, whence the lemma ITTT21 
Now we prove lemma lTT31 We have to find w;, such that 



<pv J -w h eft, i. e. , B((/>v h - w h ) = 0, 
i.e., ^(x',0) + 2 ai (x')^(x',0) + ao (x')w h (x',0) = B(cf>v h ). 

OX n OXi 

This holds if ^-(x', 0) = B(e*v ft ), and w h (x', 0) = 0. 
ox„ 

If we prove that B{<pv h ) is bounded in 7/2 by c'||v||2, by using lemma fTTTI 
we can find w/, bounded by c||v||2, such that ywj = and y\Wh = B{(pv h ) which 
will prove the lemma. Now 

B(cpv h ) = g h + k h 



and k h (x', 0) = |^-<Y, 0)vV, 0) + £ ^(x', 0)a i v h (x', 0). 
dx„ OXi 



where g h (x' , 0) = <f>(x' , 0)Bv h , 

and k h (x',0) = ^-( x ',0)v 
ox„ 

Since ip has compact support all kf, have support in a fixed compact. 

Further since v e H 2 , we have v h (x',0) e 7/ 3 ^ 2 (FF) and since — — are 109 

oxh 

smooth, we have kf,(x) e H 3 ^ 2 (F). Now as h — > 0, v*(x\ 0) — > D T v(x', 0), hence 
kh is bounded by c||v||2 in ff 5 (T). 

It remains to see that g/, is bounded in H~-(T) by c||v||2. Since Bv = 0, 
(_Bv)' ! = 0, and since 

(By)* = By* + ^ a? — (V + ft, 0) + a h v(x' + ft, 0) 
we have g A = ipBv 1 ' = -cf>(x', 0)(T a' 1 — + ft, 0) + a h v(x' + ft, 0)). 

' OXi 

dv 

As ft — > 0, are uniformly bounded and — - are bounded in H?(F) as 

OXi 

translations are continuous. 

This proves then that B(<pv h ) is bounded in H~-(T) and the proof of lemma 
II 1.3l and hence that of lemma [TT~^l is complete. 

Now we are in a position to prove the 

Lemma 11.4. \\($u)-% < c. 
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We cannot prove this as in §[9]by taking v = ((f>u) in lemma [TT~2l and 
using ellipticity for ((pu) does not necessarily belong to ft. We again correct 
this by 

Lemma 11.5. There exists Wf, e H 2 (Q.) such that 

a)((f>u)~ -wjEiJ and b)\\wh\h ^ c|Mb = c ' 

(since u is fixed). 

To prove this we note (<puy h = <\>uT h + <pu~ h (x - h) and from lemma lTT31 
there exists w' h such that $iC h — Wh s ft, and \\whW2 < c[|m[[2. We have only to 

(2) 

look then for w, such that 

<f h u(x -h)- wf e ft, and 
Ikf || 2 < c|| M || 2 . 

We have to find wf 1 bounded in H 2 (Q) by c||m||2 and such that 

wf\x',0) = <fT h u(x' - h, 0) 
dw d 

— -(x',0) = —(<f h u(x' - h,x„) Xn = 0. 
ax n ox„ 

Hence, by lemma [Tl. II such w? as required above exist and the lemma 
II 1.5l is proved. 

To prove lemma [TT~4l consider now 

a((<[, U y h - W h , (<puT h - W h ) = a{{ipuy h , {<puy h - w' h ).a(w' h , (cf> U y h - w' h ), 

= X/, - Y/,. 

By lemma [TT~21 we have 

\X h \ < c\\(<puT h - w' h \\ 2 

\Yh\ < c\\w' h \\ 2 \Uur h - w' h \\ 2 < c'\\(<pu- h - w' h \\ 2 2 . 

On account of ellipticity, \a((4>uy h - w' h , (0uy h - w' h )\ > a\\(<f>uy h - w' h \\\. 
Hence - w' h \\2 < c and since \\w' h \\2 < ewe get the lemma. This 

completes the first step of the proof, viz. D p T u e H 2 (Q), \p\ = 1. 
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11.3 

Now we come to the 

Second step. We wish to prove {cj)D T uY h is bounded in H 2 {Q). To do this we 
consider a((<f>D T u)~ h , v) and prove the 

Lemma 11.6. \a((<f>D T u)' h , v)| < cHvlb/or v € & such that D T u e H 2 . 
Proof. We write 

a((cf>D T u)~ h , v) = a((cf>D T u)~ h , v + a(cf>D t auu, v h ) - b(D T u, v h ) 
- a(D T u,cf)v h ). 

As in the previous cases, we have straight forward estimates except for 
a(D T u, cf>v h ). Now 

a(D T u, <pv h ) = a(D T u, 4>v h ) + a(u, D T (<pv h )) - a(u, D T {<pv h )) 

which exists since D T v e H 2 . Again as in the previous cases, only non-trivial 
part is to prove that \a{u,D T {(pv h ))\ < c||v|| 2 . □ 

To do this we have to correct D T ((f)v h ) by the 

Lemma 11.7. There exists Wh e H 2 (Q), Wh = near <9Q - 2 such that 

i) D T (cf>v h ) -w h <E$. 

ii) HwftHi < c||v|| 2 . 

iii) |a(w,w fc )| < c||v|| 2 . 
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Admitting this for a moment, we have 

a(u, D T ((pv h )) = a(u, Wh) + a(u, D T ((pv h ) — Wh) 
= a(u, w h ) + (/, D T {4>v h ) - w h ) 

and we have the lemma lTT~6l as usual. 

So we have to prove now lemma [TT~71 If Wh have to verify 

i) Then we can write : 

n— 1 q 

B(w h ) = BD T {$v h ) = f h + g D ig \, D t = — , say . 

We shall prove that one can choose //, and g\ such that 

a) fh have their support in a fixed compact and are bounded in Hi(T) by c| | v| I2- 

b) g' h e H 3 ^ 2 (Q.), and are bounded in H?(Q.) by c||v||2 with support in a fixed 
compact. 

Assuming (a) and (b) we prove that w/, satisfying (i), (ii), and (iii) can 
be found. For by (a) and lemma. 111.11 there exists w" h e H 2 {Q) such that 
d 

wlix'.O) = 0, — w° h (x',0) = f h ,w° h are bounded in i/ 2 (Q) by c||v|| 2 and w° h 
vanish near - Similarly on account of (b) and lerrmia fTTTTl there exists 

w' h e H 2 (D.) with w h (x',0) = 0, — w h (x',0) = g h ,w h bounded in i/ 2 (Q) by 

ox n 

c\\v\\2 and w' h = near dQ, - Setting Wh - w° h + YH=\ Diw' h we see that (i) 
and (ii) are at once satisfied. Further to verify (iii) we have |a(w,w^| < c||v||2 
and it remains to estimate a(u, Djw' h ). But since D T u e H 2 and since w' h — 
near dQ, - 2 by integration by parts, we get \a(u, Diw' h )\ < c\\v\\2- 

We have still to verify (a) and (b), we indicate which parts of B(D T (<pv h )) 
are to be taken as //, and which as g\ and prove each time that they are bounded 
by c||v||2 in the appropriate spaces. We have 

B{D T {(f>v h ) = B{(D T <p)v h ) + B{(pD T v h ) 

B{{D T( f>)v h ) = (D T 4>)Bv h + {^D T c^ v h + ^ a t f^W)) v A , 

and 

Bv h = - Y c£—(x' + h,0), since (Bv) h = 0. 
i— 1 ox 1 
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Then we take B((D T <fi)v ) as part of //,; it is H^- and is bounded by c||v||2- 

Now B(0(Z) T v*)) = 4>B(D T v h ) + -^■(jt' , 0)D T v /l + 2 a^-D T v h . 

ox„ idx; 

We consider each of the summands separately : 

dip , 

We take D T — — )v as part of f„ and it is seen that it satisfies (a). For 

dx n 

(dip A 

D T - — v we take it as part of D T g'.. It is also seen that g. satisfies (b). 
\dx„ } " 

Similarly we consider } D T v h . It remains only to consider 0B(D T v /! ). 

I ' 

Now since (Bv) h = 0, we have 

4>B(D T v h ) = -if, D T ai^- + D T a \ v h \ 

and they are to be taken as parts of//,. This completes the proof of lemma ll 1.61 
To complete the proof of the theorem, we require the 

Lemma 11.8. \\D T {<p u y h \\ 2 < c. 

Again we require corrections w' h as follows: 

Lemma 11.9. There exists w' h € H 2 (Q.) vanishing near <9Q — 2 an d such that 

(1) D T (tpu)~ h -w' h e§ 

(2) \\w' h \\ 2 < c. 

Assuming the existence of such w', and considering 

a(D T (tpuy h - w' h ,D T {4>u- h - w' h ) 

and using the ellipticity of a(u, u) we obtain lemma [TT~S1 as in the lemma [TT~^l 

h 



after observing that lemma |Tl.6l can be applied though v = D T (<pu) h - w', is 



such that D T v £ \H 2 (Q.). To see this last point we prove that in §, v's such that 
D T v e H 2 {Q) are dense. 

Let v e § and v(x', 0) = /. Let tp e ^(O) be such that ip a f in // 3/2 (T), and 
dtp 

let \p a = - 2 a- a ip a . 

OXj 
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Now it is possible to find v a e H (Q)n#(£I) such that v a {x' ', 0) = 



dv 



(p a , v = near <9Q - 2 and v a — > v in i/ 2 . By the choice of i/iq., v belongs to § 
and the result follows. 

To prove lemma [TT~9*l we observe 



(<pu) = (pu +<p u(x - h, x n ), and 
D T (<f>u)~ h = (D T cf>)ur h + (j)D T uT h + (D T <f h u{x' - h, x„) + 4>~ h D T u(x - h). 

We first define w l h such that 

a) (D T (f>- h )u(x - h) + 4>-''D T u(x - h) - w\ e §, and 

b) \\w]]\ 2 < c. 

To verify (a) we choose wl so that 



wl(x',0) = ((D T <py h u(x -h) + <f h T> r u{x - h)) x „ = 0. 



and 



dcu' h (x',0) 
0x n 



dx n 



-h 



u(x — X) + <p 



-h 



dx n 



u(x — A) 



Since D T u e H 2 (Q) the right hand side in the first expression ie in H 3 ^ 2 (T), 
and is bounded. Similarly the one in the second expression is in H^(T), and is 
bounded, and by lemma fTTTI the existence of w\ is proved. Next we find w 2 t so 
that 

a) (D T cp)u- h - w\ e ■& and 

b) ||w 2 J| 2 < c. 



The existence of such w? is assured by lemma fTTT^I Finally we define 



so that 

a) crD T iC h - w\ e & and 

b) |]w||| 2 < c. 

To verify (a), we should have B((P(Dtu~'')) = Bw\. But 



B(<p(D T u- h )) = $B(D T u h ) + ^-D T u h + V a;^-D T u 

OX„ t— 1 nr. 
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Since Bu-Q and D T Bu = 0, we have 
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B(D T u) + ^(D T a,)D,M + (D T a )u = 0. 
1=1 

Hence on the support of cp, 

(B(D T u)y h + Y((D T ai)DiU)- h + ((D T a ) U y h = 0, i.e., 
(B(D T u h + Y aJ h D T u(x - h) + ^(D T a,D, M )^ + ((D T a )u)~ h = 0; 

so that we have to find satisfying 

+ ^-D T u h + V or; + |^ZW = gft. 

OX„ *— ' OXi 

Hence it is enough to find such that 
vv3(x',0) = 

■g^-ix', 0) = gh defined above. 

Since D T u e H 2 (D.),g h e // 3/2 (F) and is bounded in ffi(T). Hence by 
lemma fTTTI we have the existence of such w\. This completes the proof of the 
theorem[lL2| 



Final Remarks. 

(1) By using Stampanhia |17| and Lions (5), Campanato |6| has proved the 
regularity at the boundary for Picone problems. 

(2) For another method for Dirichlet conditions with constant coefficients in 
two dimensions, and very general conditions on the boundary, see Agmon 
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12 Regularity of Green's Kernels 
12.1 

In § !3.5l we have defined Green's kernel of the operator A associated with an 116 
elliptic sesquilinear from a(u, v) on V such that H'"{Q.) c V c H"'(Q.), Q being 
L 2 (Q) say. We recall that a(u, v) begin V elliptic, A is an isomorphism of N onto 
Q'. Hence A -1 = G is an isomorphism of Q' onto N. Since f^(O) is dense in 
Q', by Schwartz's kernel theorem A -1 = G is given by G^ e @'(Q X x Q V ).G AJ , 
is called the kernel of the operator A. 

Let a*(u, v) = a(y, u); a*(u, v) is also V elliptic and defines a space N* and 
an operator A*. Let its kernel be G* . If T xy e @'(Cl x , Q v ), then T y>x will be 
defined by setting on the everywhere dense set @(£l x ) x 3)(Q.y) in @(Gl x X Qy). 

r v ,,(^(x) • ^(y)) = y\,,( ( //(v)^(v).). 

We denote S>(Q. X ) by D x , ^(Q x x Q v ) by ^ A , v and so on. We have the 

Proposition 12.1. G„ = G* yx . 

Let if, t// e $l(Q. x ). We have to verify that (Gp, = <y>, G*^>. Let G<p = 
u € N and G*i^ = w e AT\ Then ^ = Am and ifr = A*w. Hence we have to verify 
that (u,A*w) = (At//, a)). This follows since (u,A*w) = a*(w,u) = a(u,w) = 
(Au,w). 

Definition 12.1. An element G x>y in J2'(Q. X x D. y ) will be called a kernel. 

Definition 12.2. A kernel is semi-regular, with respect to x, ifG x ^ is given by 117 
a C°° function of£l x into S>' . We write it then as G(x) y or G y (x). 
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Definition 12.3. A kernel is regular if it is semi-regular with respect to x and 

y- 

Definition 12.4. A kernel is very regular if it is regular and a C°° function 
outside the diagonal. 

If G xy is semi-regular it is an element of S" X ®S>[, — S(x, @ y ). Hence it 
defines a mapping G : S> y — » S z given by f G(x) y ip(y)dy € ${x) for tp(y) € @ y . 
Conversely by Schwartz's kernel theorem, any linear mapping G : S y — » S x is 
given by a semi -regular kernel. 

We now with to consider conditions on a(u, v) so that the kernel G x , y be 
very regular. 

Definition 12.5. A partial differential operator A defined in Q with C°° coef- 
ficients is said to by hypo-elliptic if for s e 3)' (Q){AS)e e S"(ff) implies that 
S e 6, for every c £1 

For example, if a(u, v) is V elliptic, Q is bounded with smooth boundary, 
then by the results of §[8] it follows that A is hypo-elliptic. 

Theorem 12.1. Let \a(u, u)\ > a\u\y and the operators A and A* be hypo- 
elliptic. Then G Xt y is very regular. 

Proof. First we prove G v ,,. is regular. We know G is an isomorphism of Q 
onto N. Let <p e S?(Q). Then Gtp - u e N and Au = (p. By hypo-ellipticity 
of A it follows that u e §. Hence G defines a mapping of &{Q) onto N C\ <§. 
By closed graph theorem this mapping is continuous and hence Schwartz's 
kernel theorem is given by a semi-regular kernel G(x) y . Hence G XtV = G*(x) y . 
Similarly, since A* is hypo-elliptic G* v = G*(x) y . But by proposition 12.1, 
G Xt y = G* x and hence G A>V = G*(y). This shows that G A , V is regular. □ 

To complete the proof we have to show that outside the diagonal it is a C°" 
function. 

Let 0\ and 2 c Q. be two open sets such that 0\ n0 2 - 4>- Let T e §\6i). 
Then J G x (y)T y dp. is defined and is an element of 3l x say S x such that AS = T. 
Restricting A, S, T to 0\ since T = on 0\ by hypo-ellipticity of A on Oi, we 
have SOi e ${Oi). Hence T — » J G x (y)T y dp is a mapping of S'{Oi) onto 
£(0\), which on account of the closed graph theorem, is continuous. Hence 

G € L(<f (0 2 ); AGO - = x fl 2)- 

That is to say G is C°° in Oi X 2 - Since Gi and G2 are any two open set 
such that 0\ n 2 — <t>, G is a C°° function outside the diagonal. 
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Remark. For a more detailed study, see Malgrange 1 12 1. 
2. The extension of the mapping G : Q — » N. 

Under the hypothesis of theorem ri2.ll G defines an algebraic isomorphism 
of Q n S onto N n S. For if / e Q D <f and G/ = K#iV . Then Am = /. 
Hence by hypo-ellipticity of A it follows that u e S . Conversely if u e N n S", 
then Au = / e Q' n S and G/ = m. If we could apply closed graph theorem, 
then it would follow that G is a topological isomorphism of Q n £ onto N C\§, 
the intersections being given as usual the upper bound topology. This is so, for 
example, if Q is a Banach space. We have then the 

Theorem 12.2. If the closed graph theorem is applicable G e ££{QC\$, NC\£) 119 
and is an isomorphism. Similarly G* € -S?(<2' C\ S 1 ,N C\ S) and is an isomor- 
phism. 

12.2 

Now we wish to consider the transpose G. Let us first consider the Dirichlet 
problem so that V = H™ - Q ■ 2#(£l) is dense in V and N - V. Hence by 
transposing G we have an isomorphism 'G : V' + S" — > V' + S". However since 
£}(Q) is not always dense in N, the dual of is not a space of distributions and 
hence we do not consider directly the transport of G. Here the sums of locally 
convex topological vector space A and B subspaces of an algebraic vector space 
F is topologized as follows : we consider the mapping (a, b) — > a + b of A x B 
onto A + B and put on A + B the finest locally convex topology such that this 
mapping is continuous. If Z is the kernel, then A + B » Ax B/Z. 

Theorem 12.3. Under the hypothesis of theorem 172.71 if further, for every 
S G Q' n §' there exists a sequence <p„ e such that ip„ — > S in Q' Ci S" , 

then G : Q' — > TV can foe extended by continuity to G : Q' + §' — > TV + 

Proof due to L. Schwartz (unpublished). We define first G on Q + £". G 
is already defined on Q'. By theorem 1 12. II is very regular and is given by 
f G(x)y<p(<p)dy<p(<p) e 2' We cannot use this at once to define it on S" , for 
then the integral itself is not in $", We proceed then as follows : Let a(x,y) e 
<S(Q. X x Q v ) be a function with support in a neighbourhood of diagonal and 
equal to 1 in another neighbourhood of diagonal. Let 

H x , y = a(x,y)G x , y = H(x) y = H x (y). 

Hence H x v is regular. It is easily seen, since G Xy> , is a C°° function outside 120 
the diagonal that A x H x , y - 8{x) y = L(x,y) e S(Q X x C2 V ). Now let T e S'(Q) 
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with compact support K say. Since J p(x) y T - T, we have T - LT + AHT 
where 

LT X = j L(x,y)T y dy e S. 

But the supports of the mapping y — ♦ and y — > L(x, y) are contained 

in the support of a(x,y). By choosing the support of near enough the diagonal, 
we may have the support of HT and LT in any arbitrary neighbourhood of the 
support of T. Hence HT e S" and LT e %>. We define GT = HT + GUT e 
<£" + JV. We have to verify that if tp e ^(O), then G(^) = G(y). This follows as 
in general 

AGT = AHT + AGLT = T - LT + LT = T. 

If ip € @(Q),G(p = Hip + GLtp e &+ N <z N and AG</) = <p. Since A is an 
isomorphism, Gtp = G<p. 

Now G is continuous from ^(O) into (?' + AT. This proves that G does not 
depend on a and G can be extended to S"(D) so that G : S"(Q) — > <S" (Q) + 
is continuous. 

We denote now G be G itself. G defines then a continuous mapping Q 
from 2' x e ' — > A' + e' by Q( f, s) = Gf + GS . If we prove is zero on the 
kernel of Q' x §' — > Q + £", we shall have proved that 8 defines a mapping 
G of Q' + e' -> N + S" as required. Let / eg' and S e £' such that 
/ + 5 =0. Hence / e g' Pi <#". By assumption (2), there exists ip n e 
which converges in Q and S' to /. Hence - (p„ converges to S in S" and we 
have Gf + GS = lim(Gip„ + G(ip„)) = 0. 

Corollary. We have A. G = Iq+s* andG.A = where Iq'+s> and In+s* are 
the identity maps Q' + §' and N + S" respectively. 

For 

A(Gf + GS) = f + AGS =f + S 

<mdG.A(u + S) = GAu + GAS =u + GAS. 

Since GAS — S on S#{Q) it is so on £". This proves the 

Theorem 12.4. Under the hypothesis of theorem \12.3\ A is a topological iso- 
morphism from N + S" to Q' + S" . 

The uniqueness of G x {y) is given by the following 
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Theorem 12.5. Under the hypothesis of theorem 172.31 for y e D., G x (y) is 
defined as the solution of 

AJGJy) = 6 x (y) 
G x (y) e N + £". 

Consider^ -> 6 x (y) e <g(Q. y ,g'(Q x )). Let G{8 x (y)) = G x (y). Then y e 
G x (y) is a C°° function from D. — > TV + e' we have A x (G^(y)) = £ c (;y), and G, c ()>) 
is the only distribution to verify the equation in N + £". 
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12.3 Study at the boundary. 

Definition 12.6. We say that a(u, v) is regular at the boundary ifueN is such 122 
that a(u, v) — for every v e V vanishing outside a neighbourhood of some 
compact K C Q then u is C°° in a neighbourhood of T. 

If V = H™{Q) or H m (Q.) and a(u, v) = £ a pq Lfl~DPv then the results on 
regularity at the boundary of § [5] state that under the conditions specified in 
theorem ETTl a(u, v) is regular at the boundary. 

Theorem 12.6. Under the hypothesis of theorem \12.3\ if further a(u, v) is reg- 
ular at the boundary, then for fixed y, G x (y) is C°° in a neighbourhood of T. 

This means in this case G(x, y) for fixed y is a usual function in a neigh- 
bourhood of T satisfying usual boundary conditions. 

By theorem lH31 G x (y) = G(6 x (y)) = S + u with S e £" and u e N. Hence 
Au+AS = 6 x (y), i.e., Au = 6 x (y) -AS = T for T e £". Let K be the support 
of T, which on account of the splitting proved in theorem ri2.1l can be taken in 
any arbitrary neighbourhood of y. 

Let G V such that v = in neighbourhood of K. Now by regularization 
we can find tp„ vanishing on the support of v such that T = limtp n in £". Then 
(Au, v) = ]im((p n , v). Hence a(«, v) = for all v 6 V vanishing in a neighbour- 
hood of K. By regularity at the boundary of K, u is C°° in a neighbourhood of 
F. This completes the proof of the theorem. 
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13 Regularity at the Boundary Problems for Gen- 
eral Decompositions. 



Hitherto we considered boundary value problems for differential operators in 123 
the space H m {D). For this we obtained A as the operator associated with a 
form a(u, v) on H m (Q) is the space of type H({A},Q.) where {A} stands for 
the system D^. More generally we consider now what problems are solved 
by considering A as the operator associated with sesquilinear forms a(u, v) on 
spaces H({Aj}, Q). That this solves now problems can be seen from the fol- 
lowing example. Let A = A 2 + 1. Consider on H(A, £2) the sesquilinear 
form a(u, v) = (Am, Av) a + (u, v) . The operator A associated with a(u, v) is 
A 2 + l.a(u,v) is H(A,Q) elliptic and hence for f e Q' where Q is such that 
H(A, Q) is dense in Q, we have u e N such that Au = f. 

Firstly we observe that H 2 {Q) may be contained in H(A, f2) strictly. For 
example, if £2 is a domain such that for a given T e H^ 2 , there exists e H" such 
that -AU — T e M°, i.e., for which Visik-Soboleff problem is soluble, then 
there exists u e H{A, Q) such that u £ H l (D.). For, let T € be defined by 

(T, <p) = J r f(yip)dcr for / e L 2 (r) and such that f i (T) = y(H l (Q.)). 

Now if U is the corresponding solution, let u be its restriction to Q. We 
have u e L 2 (D) and -Au = u by § 10. Hence u e H(A, Q) : If u were in // L (0), 
then yu = f would be in Hi{Y) contrary to the assumption. Another more 
elementary example can be given for a circle. It is easy to construct examples 
such that m e L 2 and Au = 0, but yu i H l . Thus Hadamard's classical example 
with u-Yj a n r"e m0 with suitable a n is of this type. 

However it is true that ff 2 (Q) = H(A, Q.). For, by Plancherel's formula, 124 
the two norms are equivalent on @(Cl). This raises in fact the question : To 
determine the conditions on A,- and CI so that H(A;Q) = H m (Q) where m = 
highest of orders of the operators A, . 

Now we interpret formally the boundary value problems that are solved on 
V e H(A, Q.). We write first of all Green's formula 



a) Let V = H (A, Q). Since fyiA, Q) = H 2 (Q.) no new problem is solved. 

b) V = H(A, Q). Given / eg' there exists u € N such that a(u, v) = (/, v) a for 
all v e V. Further 



13.1 




(l) 



(A 2 + !)« = / 



(2) 
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Hence J n (A 2 u — Av\dx + J Q u, vdx = J(f — v)dx 
Using Q and (0, 



I 



dAu _ dv 
——.vdcr + pe Au.—d = for all v e V. 

r on on 



dAu 

Formally this means Au — 0, and — — = 0. 

On 

c) V — Closure in H(A, Q) of continuous function with u = 0. Then u e N 
implies Mp = and A«p = 0. 

du 

d) V - Closure in H(A, Q) of continuous function with — =0 Then u e N 

onr 

■ r 011 n a dAu n 
implies — =0 and — — = 0. 

onr on r 

du dAu 
However, problems in which — = and Au — or u — and — — = are 

on on 

not solved by this method. 
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Now we consider the regularity at the boundary of solutions so determined. 125 
This means we want to determine whether if / € H k (Q.) implies u e H k (Q.). 
The solution of this problem in full generality is not known though it would 
be desirable to know it, for in that case, for large k weak solutions would be 
usual ones. We shall show that this is the case with certain kind of operators in 
Q. = \x n > 0} with constant coefficients. Let 

Q = {x„ > 0} and Bu = D™u + D"f l Ai u + D'"~ 2 A 2 u + --- + A m u, 

where A,„ are partial differential in x\, . . . ,x n -\ operators with constant coef- 
ficients of order < k. Let V = H(B, Q.) and a(u, v) = (Bu, Bv)„ + (u, v) a be 
a sesquilinear form on V, a(u, v) is V-elliptic. Let Q - Lr(D). If / e L 2 (Q), 
by § E] there exists u e N such that a(u, v) = (/, v) for all v e V. Further 
(B*B + l)u = f. To consider the regularity of u we consider first its tangential 
derivatives and next the normal ones. 

Proposition 13.1. Let D^f e L 2 for all \p\ < /i for any positive integer fi. Then 

DjU and BD p T u are in L 2 for \p\ < a. Let v h (x) = —(v(x + h) — v(x)) where 

h 

h = (0, . . . , h, . . . , 0), h„ — 0. Since B is with constant coefficients, v h e V if 
v e V. Hence a(u,v h ) = {f,v h ) ,i.e.,(Bu,B^) + (u,v H ) = (f,v h ) for all 
V e V. Since B is with constant coefficients 

(Bh h , Bv) + (u~ h , v) = (f '\ v )o- (1) 

Putting v = u t 

\Bu h \l + \u- h \l < C\r h \o\u h \ . 
If D T f in L 2 , Bu and u~ h are bounded in L 2 which means BD T u and D T u e 126 
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L 2 . Letting h -> in Q, 

(B(D T u), Bv) + (D T u, v) c , = (D T f, v) a . 

If now Dff € L 2 we can repeat the process proving that if D^f e L 2 , then 
DjU and BDjU e L 2 . Now we consider normal derivatives. 

Theorem 13.1. Let yu = m. Under the hypothesis of proposition I7T71 u e 
H m {Q). 

We use the 

Lemma 13.1. Let Q = {y > 0). Consider ji such that 



(1) 



D p T u e L 2 for \p\ < k 
DyDjii e L 2 for \p\<k-l 



and 



D k y - l D p T ueL 2 for |/?| < 1 
(2) D'fu e H-' n+k . 

Then D k y e L 2 . 

If we denote by £(Q) the space defined by all the conditions above, the 
lemma means £(Q) = In general, i.e., for arbitrary Cl,H k (Q.) c £(Q). 

This lemma should hold for Q. with smooth boundary, though as yet it is not 
proved. 

Assuming the lemma for a moment, we complete the proof of the theorem. 
We have Bu = D" y 'u + + D™ -1 Ai u + ■ ■ ■ + A m w. 
From proposition 13. |, D p T u e L 2 and D p T Bu e L 2 for |/?| < m. Hence 
A k u e H°{Q) and D'"^ A { »e H" m+1 . Hence by lemma fml 

D y u e L 2 . 

Next we consider D t Bm which is in L 2 . 

D T Bu = D" y 'D T u + D m_1 Ai D t m + • ■ ■ 

This gives D'"D T u e ff _m+1 . But D p (D T u)L 2 , \p\<l. By lemma lLTTl again 
D y D T u e L 2 . 

Proceeding similarly we obtain D k u e L 2 . Hence u e H k (Q). Now we 
prove if £2 = \x„ > 0), then £(Q) = H k (Q). 

Lemma 13.2. 7/Q = R n ,H k = E(R"). 
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Let by Fourier transformation x\,..., x n -\ go into f 1 , . . . , % n -\ and x n into 
f„. Actually we need use only D^u e L 2 \p\ < k and D^u e /r ffl+/: (Q); 
i.e., 



(1 + |£|*)fi e L 2 and ^ e L 1 (1) 

1 + \%\ m ~ k + |77| m -* 



We may also assume m > k. We have to conclude that \rj\ k u e L 2 . Now we 
use the following inequality 

\n\ m 

W k <C l (l+\{f)+C 2 - 



1 + \%\ m - k + \7]\ m - k ' 

For then \r]\ k u e L 2 by Q. To prove the inequality we have to prove that 

H k + ^n-k^k + |j?r < Ci(1 + + ^ m -k + H m- k) + C2]j?r- 

Since m > A:, I77I* < C3 177I'" 1 + c. Hence we need prove 

|?r + < Ci(1 + + |fr * + |77r -* } + C2|7?r _ 

»-*, 1* - M* P , M (m ~ % ^ a p , fc« 1 , 1 



But 1^ r-^r < — + — — afo< — + — , - + - = 1 

p q \ p q p q 

Hence \ij\ m + \^\ m ~ k \r]\ k < \r]\ m + |£H . This is trivially less than right hand 
side of the inequality. 

Lemma 13.3. If p e Di^Q) and u e £(Q), then pu e E(Q.). This follows from 
the definition of E(£l) itself. 

Lemma 13.4. E(R")D,, i.e., restrictions ofE(R n ) to Q is dense in £(Q). 
Let u r (x) — u(x',y + f) for t > 0. Let v, = u t (x)\Q.. v t — > u in E(Cl). Let 



P(y) = 



for y < -t 

1 fory>l p(y) e ^ LM (Q) 
< y < 1 elsewhere. 



pu T € V by lemma W3.3\ and (pu T )£l — v T . The extension pu c of 5u t are in E(R") 
and their restrictions v T are dense in £(Q). 

Lemma 13.5. £(Q) n is dense in £(Q). 

From lemma [TJ?l we need prove that if u — vq with u e E(R") then u can 
be approached by function from E(Q)r\3>(Ci). For U = limUxp„ withp,, — > 6. 
The restrictions of U * p„ — > u. 

To complete the proof of the lemma fmi then, we prove 
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Lemma 13.6. Let u e E(Q) n ^(Q). 77ien 



!/(*) = 



I 



«(x), 

Aiuix 1 , ...,y) + A 2 u(x', .. ., -|) H + /l„(x', . . . ,-j;)x„ < 



X n > 



is in E(R")for suitable A's. 

If we prove this since £(0) n is dense in £(Q), we have a continuous 
mapping n : E(Q) -> E(R") = H k {R"). Hence £(Q) c which proves 

<3*U 

that H k (Q) = E k (Q). A's are determined so that on y — 0, — — should be equal 



from above and below. A simple argument shows that U € S{R"). 

14 Systems 
14.1 

We shall consider briefly systems. We shall denote in this article H m (Ci) by 129 
H m . Let H (m) - H m < x ■ ■ • x H" h with the usual product Hilbert structures. 
In H {m) the closure of {3>{Q)) V is H'"' x ■ • • x H™. An element of H {m \D) we 
denote by u = (wi u Y ) with u t e H mi . Let V be such that ff< m) c V c H (m) . 



This last condition assures that a(m, v) is continuous on V x V. 

If a(u, u) > a\\u\\ 2 for all u e V and for a > and if Q = L 2 then from the 
general theory of §0 there exists a space AT and an operator A which establishes 
an isomorphism of N onto Q' so that 




a pq ^ u {x)D q u^D p v A dx A = 1, . . . , y 



— 0, if \p\ > nix or \q\ > m^. 



(Au, y) = a(u, lp) for y e (^(Q)) v , 



i.e., <Ai m^j) + • ■ ■ + (A v k^j) = E / ctpq^DiUpD^dx. 
Hence 
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Hence the theory solves the differential systems 

A A u = f. 

The variety of boundary value problems solved is much larger; e.g., if v = 
2, m\ - ni2 and V may be defined as consisting of (u\,ui) such that yu\ = yu-i. 

14.2 

We now give, following Nirenberg |13 | an example which presents a little 
strange behaviour. We take n = 2, v = 2, mi = \,ni2 = 3. We write x\ = x 
and x 2 = y, so that V - H 1 x H 3 . Let L\,M 2 ,L^,Mi,N z be the differential 
operators the order of which is equal to the index. Let 

a(u, v) — (D x u\,D x v\) + (D y it\, D y v\) + (u\,L\v{)+ 
+ (-D*u 2 , DyVi ) + (L 3 u 2 , vi) + (D,ki,£^v 2 )+ 
+ (m, M* 3 v 2 ) + (£>> 2 , D\v 2 ) + (P]u 2 , D]v z )+ 
+ 3(D 2 x D y U2,D 2 x D y v 2 ) + 3(D x D 2 ,u 2 ,D x D 2 ,v 2 ) 

+ (M 2 U2,N3V 2 ). 

Lemma 14.1. IfD. is three strongly regular, 

a(u, v) + A(u, v) 

elliptic for A large enough. The system A associated with a(u, v) is 

Ay(u) = -(Dj + Dt)u\ + L\u + D*U3 + Lj,u 2 

A 2 (u) = -Dyiii + M 3 ui - (D x + Dy + 3D 2 x D*)u 2 + N^M 2 U\. 

From the underlined term in the operator it would look like as if we have 
to assume Vi e H 2 and U2 e H 2 . While existence and uniqueness in ensured 
in H l x H 3 itself, i.e., we require four conditions on boundary while from the 
differential equation it looks as if we require five conditions. Further a(u, v) is 
not elliptic on H 2 x H 3 . This happens because in computation of the real part 
of a(u, v) the terms involving D 2 u\,e.g.,{-D 3 U2,D y v\) + (D y u\,DyU 2 ) = e, 
give zero real part as they are of the form z - z. To see that the form is H l x H 3 
is straight forward by using the definition of strong regularity and the above 
remarks. 
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